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Preface

Sobolev spaces, i.e., the classes of functions with derivatives in L,,, occupy
an outstanding place in analysis. During the last half-century a substantial
contribution to the study of these spaces has been made; so now solutions to
many important problems connected with them are known.

In the present monograph we consider various aspects of theory of Sobolev
spaces in particular, the so-called embedding theorems. Such theorems, orig-
inally established by S.L. Sobolev in the 1930s, proved to be a useful tool in
functional analysis and in the theory of linear and nonlinear partial differential
equations.

A part of this book first appeared in German as three booklets of Teubner-
Texte fiir Mathematik [552, 555]. In the Springer volume of “Sobolev Spaces”
[656] published in 1985, the material was expanded and revised.

As the years passed the area became immensely vast and underwent im-
portant changes, so the main contents of the 1985 volume had the potential
for further development, as shown by numerous references. Therefore, and
since the volume became a bibliographical rarity, Springer-Verlag offered me
the opportunity to prepare the second, updated edition of [556].

As in [556], the selection of topics was mainly influenced by my involvement
in their study, so a considerable part of the text is a report on my work in the
field. In comparison with [556], the present text is enhanced by more recent
results. New comments and the significantly augmented list of references are
intended to create a broader and modern view of the area. The book differs
considerably from the monographs of other authors dealing with spaces of
differentiable functions that were published in the last 50 years.

Each of the 18 chapters of the book is divided into sections and most of
the sections consist of subsections. The sections and subsections are numbered
by two and three numbers, respectively (3.1 is Sect. 1 in Chap. 3, 1.4.3 is
Subsect. 3 in Sect. 4 in Chap. 1). Inside subsections we use an independent
numbering of theorems, lemmas, propositions, corollaries, remarks, and so
on. If a subsection contains only one theorem or lemma then this theorem
or lemma has no number. In references to the material from another section
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viii Preface

or subsection we first indicate the number of this section or subsection. For
example, Theorem 1.2.1/1 means Theorem 1 in Subsect. 1.2.1, (2.6.6) denotes
formula (6) in Sect. 2.6.

The reader can obtain a general idea of the contents of the book from
the Introduction. Most of the references to the literature are collected in the
Comments. The list of notation is given at the end of the book.

The volume is addressed to students and researchers working in functional
analysis and in the theory of partial differential operators. Prerequisites for
reading this book are undergraduate courses in these subjects.
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Introduction

In [711-713] Sobolev proved general integral inequalities for differentiable
functions of several variables and applied them to a number of problems of
mathematical physics. Sobolev considered the Banach space Wjﬁ(ﬂ) of func-
tions in L,(§2), p > 1, with generalized derivatives of order ! integrable with
power p. In particular, using these theorems on the potential-type integrals as
well as an integral representation of functions, Sobolev established the embed-
ding of W}(£2) into L,(£2) or C(£2) under certain conditions on the exponents
p, 1, and ¢.!

Later the Sobolev theorems were generalized and refined in various ways
(Kondrashov, II'in, Gagliardo, Nirenberg, et al.). In these studies the domains
of functions possess the so-called cone property (each point of a domain is
the vertex of a spherical cone with fixed height and angle which is situated
inside the domain). Simple examples show that this condition is precise, e.g.,
if the boundary contains an outward “cusp” then a function in W, (£2) is not,
in general, summable with power pn/(n — p), n > p, contrary to the Sobolev
inequality. On the other hand, looking at Fig. 1, the reader can easily see that
the cone property is unnecessary for the embedding W, (£2) C Lap/2—p)(£2),
2 > p. Indeed, by unifying (2 with its mirror image, we obtain a new domain
with the cone property for which the above embedding holds by the Sobolev
theorem. Consequently, the same is valid for the initial domain although it
does not possess the cone property.

Now we note that, even before the Sobolev results, it was known that cer-
tain integral inequalities hold under fairly weak requirements on the domain.
For instance, the Friedrichs inequality ([292], 1927)

/ u?dr < K(/ (grad u)? dz —|—/ u? ds>
o) o) Ye)

1 A sketch of a fairly rich prehistory of Sobolev spaces can be found in Naumann
[624].
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was established under the sole assumption that {2 is a bounded domain for
which the Gauss—Green formula holds. In 1933, Nikodym [637] gave an exam-
ple of a domain {2 such that the square integrability of the gradient does not
imply the square integrability of the function defined in {2. The monograph
of Courant and Hilbert [216], Chap. 7, contains sufficient conditions for the
validity of the Poincaré inequality

1 2
/ u?dr < K/ (grad u)? do + (/ udx)
[0 Q mn$2\Jo

(see [663, p. 76] and [664, pp. 98-104]) and of the Rellich lemma [672] on the
compactness in Ly(£2) of the set bounded in the metric

/ [(grad u)® + v?] dz.
2

The previous historical remarks naturally suggest the problem of describ-
ing the properties of domains that are equivalent to various properties of
embedding operators.

Starting to work on this problem in 1959 as a fourth-year undergraduate
student, I discovered that Sobolev-type theorems for functions with gradients
in L,,(£2) are valid if and only if some isoperimetric and isocapacitary inequal-
ities hold. Such necessary and sufficient conditions appeared in the early 1960s
in my works [527-529, 531, 533, 534]. For p = 1 these conditions coincide with
isoperimetric inequalities between the volume and the area of a part of the
boundary of an arbitrary subset of the domain.

For p > 1, geometric functionals such as volume and area prove to be
insufficient for an adequate description of the properties of domains. Here
inequalities between the volume and the p-capacity or the p-conductivity arise.
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Similar ideas were applied to complete characterizations of weight func-
tions and measures in the norms involved in embedding theorems. Moreover,
the method of proof of the criteria does not use specific properties of the Eu-
clidean space. The arguments can be carried over to the case of Riemannian
manifolds and even abstract metric spaces. A considerable part of the present
book (Chaps. 2-9 and 11) is devoted to the development of this isoperimetric
and isocapacitary ideology.

However, this theory does not exhaust the material of the book even con-
ceptually. Without aiming at completeness, I mention that other areas of the
study in the book are related to the following questions. How massive must a
subset e of a domain (2 be in order that the inequality

ullz,2) < ClIViullL, (@)

holds for all smooth functions vanishing on e? How does the class of domains
admissible for integral inequalities depend upon additional requirements im-
posed upon the behavior of functions at the boundary? What are the con-
ditions on domains and measures involved in the norms ensuring density of
a space of differentiable functions in another one? We shall study the crite-
ria of compactness of Sobolev-type embedding operators. Sometimes the best
constants in functional inequalities will be discussed. The embedding and ex-
tension operators involving Birbaum—Orlicz spaces, the space BV of functions
whose gradients are measures, and Besov and Bessel potential spaces of func-
tions with fractional smoothness will also be dealt with.

The investigation of the above-mentioned and similar problems is not only
of interest in its own right. By virtue of well-known general considerations it
leads to conditions for the solvability of boundary value problems for elliptic
equations and to theorems on the structure of the spectrum of the correspond-
ing operators. Such applications are also included.

I describe briefly the contents of the book. More details can be found in
the Introductions to the chapters.

Chapter 1 gives prerequisites to the theory. Along with classical facts this
chapter contains certain new results. It addresses miscellaneous topics related
to the theory of Sobolev spaces. Some of this material is of independent in-
terest and some (Sects. 1.1-1.3) will be used in the sequel. The core of the
chapter is a generalized version of Sobolev embedding theorems (Sect. 1.4).
We also deal with various extension and approximation theorems (Sects. 1.5
and 1.7), and with maximal algebras in Sobolev spaces (Sect. 1.8). Section 1.6
is devoted to inequalities for functions vanishing on the boundary along with
their derivatives up to some order.

The idea of the equivalence of isoperimetric and isocapacitary inequalities
on the one hand and embedding theorems on the other hand is crucial for
Chap. 2. Most of this chapter deals with the necessary and sufficient conditions
for the validity of integral inequalities for gradients of functions that vanish
at the boundary. Of special importance for applications are multidimensional
inequalities of the Hardy—Sobolev type proved in Sect. 2.1. The basic results
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of Chap. 2 are applied to the spectral theory of the Schrodinger operator in
Sect. 2.5.

Chapters 3 and 4 briefly address the so-called conductor and capacitary
inequalities, which are stronger than inequalities of the Sobolev type and are
valid for functions defined on quite general topological spaces.

The space L}(£2) of functions with gradients in L,(£2) is studied in
Chaps. 5-8. Chapter 5 deals with the case p = 1. Here, the necessary and
sufficient conditions for the validity of embedding theorems stated in terms of
the classes _#, characterized by isoperimetric inequalities are found. We also
check whether some concrete domains belong to these classes. In Chaps. 6
and 7 we extend the presentation to the case p > 1. Here the criteria are
formulated in terms of the p-conductivity. In Chap. 6 we discuss theorems
on embeddings into Lq(§2) and L,(02). Chapter 7 concerns embeddings into
Loo(2) N C(£2). In particular, we present the necessary and sufficient con-
ditions for the validity of the previously mentioned Friedrichs and Poincaré
inequalities and of the Rellich compactness lemma. In Chap. 9 we study the
essential norm and other noncompactness characteristics of the embedding
operator L (2) — Ly(£2).

Throughout the book and especially in Chaps. 5-8 we include numerous
examples of domains that illustrate possible pathologies of embedding opera-
tors. For instance, in Sect. 1.1 we show that the square integrability of second
derivatives and of the function do not imply the square integrability of the
first derivatives. In Sect. 7.5 we consider the domain for which the embedding
operator of W (£2) into Lo (£2) N C(£2) is continuous without being com-
pact. This is impossible for domains with “good” boundaries. The results of
Chaps. 5—7 show that not only the classes of domains determine the parame-
ters p, ¢, and so on in embedding theorems, but that a feedback takes place.
The criteria for the validity of integral inequalities are applied in Chap. 6 to
the theory of elliptic boundary value problems. The exhaustive results on em-
bedding operators can be restated as necessary and sufficient conditions for
the unique solvability and for the discreteness of the spectrum of boundary
value problems, in particular, of the Neumann problem.

Chapter 9, written together with Yu.D. Burago, is devoted to the study
of the space BV ({2) consisting of the functions whose gradients are vector
charges. Here we present a necessary and sufficient condition for the existence
of a bounded nonlinear extension operator BV ({2) — BV (R™). We find nec-
essary and sufficient conditions for the validity of embedding theorems for
the space BV (§2), which are similar to those obtained for Li(2) in Chap. 5.
In some integral inequalities we obtain the best constants. The results of
Sects. 9.5 and 9.6 on traces of functions in BV (£2) make it possible to dis-
cuss boundary values of “bad” functions defined on “bad” domains. Along
with the results due to Burago and the author in Chap. 9 we present the
De Giorgi—Federer theorem on conditions for the validity of the Gauss—Green
formula.
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Chapters 2-9 mainly concern functions with first derivatives in L, or in C*.
This restriction is essential since the proofs use the truncation of functions
along their level surfaces. The next six chapters deal with functions that have
derivatives of any integer, and sometimes of fractional, order.

In Chap. 10 we collect (sometimes without proofs) various properties of
Bessel and Riesz potential spaces and of Besov spaces in R™. In Chap. 10 we
also present a review of the results of the theory of (p,l)-capacities and of
nonlinear potentials.

In Chap. 11 we investigate necessary and sufficient conditions for the va-
lidity of the trace inequality

lull,uy < Cllullse, w € C5°(R), (0.0.1)

where Ly(u) is the space with the norm ([ |u|?du)/9, pu is a measure, and
S]lo is one of the spaces just mentioned. For ¢ > p, (0.0.1) is equivalent to the
isoperimetric inequality connecting the measure p and the capacity generated
by the space S}l,. This result is of the same type as the theorems in Chaps. 2-9.
It immediately follows from the capacitary inequality
(o)
/0 cap(Ag; SL)tP~hdt < CHqu}L)7

where A = {x : |u(z)| > t}. Inequalities of this type, initially found by the
author for the spaces L}(£2) and Lg(]R”) [543], have proven to be useful in a
number of problems of function theory and were intensively studied.

For ¢ > p > 1 the criteria for the validity of (0.0.1), presented in Chap. 11
do not contain a capacity. In this case the measure of any ball is estimated
by a certain function of the radius.

Chapter 12 is devoted to pointwise interpolation inequalities for derivatives
of integer and fractional order.

Further, in Chap. 13 we introduce and study a certain kind of capacity. In
comparison with the capacities defined in Chap. 10, here the class of admissible
functions is restricted, they equal the unity in a neighborhood of a compactum.
(In the case of the capacities in Chap. 10, the admissible functions majorize
the unity on a compactum.) If the order [ of the derivatives in the norm of the
space equals 1, then the two capacities coincide. For [ # 1 they are equivalent,
which is proved in Sect. 13.3.

The capacity introduced in Chap. 13 is applied in subsequent chapters to
prove various embedding theorems. An auxiliary inequality between the L -
norm of a function on a cube and a certain Sobolev seminorm is studied in
detail in Chap. 14. This inequality is used to justify criteria for the embedding
of LL(Q) into different function spaces in Chap. 15. By Li,(()) we mean the
completion of the space C§°(§2) with respect to the norm [[Viul|z, (o). It is
known that this completion is not embedded, in general, into the distribution
space 2. In Chap. 15 we present the necessary and sufficient conditions for the
embeddings of LL(Q) into &', Ly(£2,loc), and L,(£2). For p = 2, these results
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can be interpreted as necessary and sufficient conditions for the solvability of
the Dirichlet problem for the polyharmonic equation in unbounded domains
provided the right-hand side is contained in 2’ or in L,(£2). In Chap. 16
we find criteria for the boundedness and the compactness of the embedding
operator of the space L, (£2,v) into W[ (£2), where v is a measure and L. (12, v)
is the completion of C§°(£2) with respect to the norm

1/p
(/ |Vlu|pd;v+/ |u|pdu> .
2 7

The topic of Chap. 17 is a necessary and sufficient condition for density
of C§°(£2) in a certain weighted Sobolev space which appears in applications.
Finally, Chap. 18 contains variations on the theme of Molchanov’s discreteness
criterion for the spectrum of the Schrédinger operator as well as two-sided
estimates for the first Dirichlet—Laplace eigenvalue.

Obviously, it is impossible to describe such a vast area as Sobolev spaces
in one book. The treatment of various aspects of this theory can be found
in the books by Sobolev [713]; R.A. Adams [23]; Nikolsky [639]; Besov, I'in,
and Nikolsky [94]; Gel’'man and Maz’ya [305]; Gol’dshtein and Reshetnyak
[316]; Jonsson and Wallin [408]; Ziemer [813]; Triebel [758-760]; D.R. Adams
and Hedberg [15]; Maz’ya and Poborchi [576]; Burenkov [155]; Hebey [361];
Haroske, Runst, and Schmeisser [354]; Hajlasz [342]; Saloff-Coste [687]; At-
touch, Buttazzo, and Michaille [54]; Tartar [744]; Haroske and Triebel [355];
Leoni [486]; Maz’ya and Shaposhnikova [588]; Maz'ya [565]; and A. Laptev
(Ed.) [479].






1

Basic Properties of Sobolev Spaces

The plan of this chapter is as follows. Sections 1.1 and 1.2 contain the prereq-
uisites on Sobolev spaces and other function analytic facts to be used in the
book. In Sect. 1.3 a complete study of the one-dimensional Hardy inequality
with two weights is presented. The case of a weight of unrestricted sign on
the left-hand side is also included here, following Maz’ya and Verbitsky [593].
Section 1.4 contains theorems on necessary and sufficient conditions for the
L, integrability with respect to an arbitrary measure of functions in Wé(())
These results are due to D.R. Adams, p > 1, [2, 3] and the author, p = 1,
[551]. Here, as in Sobolev’s papers, it is assumed that the domain is “good,”
for instance, it possesses the cone property. In general, in requirements on a
domain in Chap. 1 we follow the “all or nothing” principle. However, this rule
is violated in Sect. 1.5 which concerns the class preserving extension of func-
tions in Sobolev spaces. In particular, we consider an example of a domain for
which the extension operator exists and which is not a quasicircle.

In Sect. 1.6 an integral representation of functions in W}(£2) that vanish
on {2 along with all their derivatives up to order k — 1, 2k > [, is obtained.
This representation entails the embedding theorems of the Sobolev type for
any bounded domain 2. In the case 2k < [ it is shown by example that some
requirements on 92 are necessary. Section 1.7 is devoted to an approximation
of Sobolev functions by bounded ones. Here we reveal a difference between
the cases [ = 1 and [ > 1. The chapter finishes with a discussion in Sect. 1.8
of the maximal subalgebra of WZZ,(Q) with respect to multiplication.

1.1 The Spaces L (£2), V(£2) and W'(£2)
1.1.1 Notation

Let {2 be an open subset of n-dimensional Euclidean space R" = {z}. Con-
nected open sets {2 will be called domains. The notations 942 and {2 stand for
the boundary and the closure of 2, respectively. Let C'*°({2) denote the space

V. Maz’ya, Sobolev Spaces, 1
Grundlehren der mathematischen Wissenschaften 342,
DOI 10.1007/978-3-642-15564-2_1, (©) Springer-Verlag Berlin Heidelberg 2011



2 1 Basic Properties of Sobolev Spaces

of infinitely differentiable functions on §2; by C°(§2) we mean the space of
restrictions to 2 of functions in C*°(R™).

In what follows 2(£2) or C5°(£2) is the space of functions in C*°(R™) with
compact supports in §2. The classes C¥(£2), C*(£2), and C}(£2) of functions
with continuous derivatives of order k and the classes C*(£2), C*<(£2), and
C'(])C "“(£2) of functions for which the derivatives of order k satisfy a Holder
condition with exponent « € (0,1] are defined in an analogous way.

Let 2'(§2) be the space of distributions dual to 2(§2) (cf. L. Schwartz [695],
Gel'fand and Shilov [304]). Let L,(£2), 1 < p < oo, denote the space of
Lebesgue measurable functions, defined on (2, for which

1/p
Ifllz, o) = (/Q [fIP dx) < o0.

We use the notation L. (§2) for the space of essentially bounded Lebesgue
measurable functions, i.e., uniformly bounded up to a set of measure zero. As
a norm of f in Lo, ({2) one can take its essential supremum, i.e.,

[ flro oy = inf{c>0:|f(z)| < c for almost all z € 2}.

By L,(£2,loc) we mean the space of functions locally integrable with power
p in 2. The space L,({2,loc) can be naturally equipped with a countable
system of seminorms ||ul|z (.,), Where {wy }r>1 is a sequence of domains with
compact closures wy, @y C wry1 C §2, and Y, wr = 2. Then L,(£2,loc)
becomes a complete metrizable space.

If 2 = R"™ we shall often omit {2 in notations of spaces and norms. Inte-
gration without indication of limits extends over R™. Further, let supp f be
the support of a function f and let dist(F, E) denote the distance between
the sets F and E. Let B(z, ) or By(z) denote the open ball with center z
and radius g, B, = B,(0). We shall use the notation m,, for n-dimensional
Lebesgue measure in R™ and v,, for m,(B1).

Let ¢, c1, co,..., denote positive constants that depend only on “dimen-
sionless” parameters n, p, [, and the like. We call the quantities a and b equiv-
alent and write a ~ b if cja < b < cga. If « is a multi-index (aq, ..., a,),
then, as usual, |a| = Zj aj, ol = ol 0!, DY = DY ..., Dgr, where
D,, = 0/0x;, x* = z{*,..., 2%, The inequality § > « means that 5; > o;
for i =1,...,n. Finally, V; = {D*}, where |a| =1 and V = V.

1.1.2 Local Properties of Elements in the Space L;(Q)

Let L;,(.Q) denote the space of distributions on {2 with derivatives of order [
in the space L,({2). We equip L;(Q) with the seminorm

IViullr, @) = (/Q<Z |Dau(:v)|2)p/2>1/p.

|| =1
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Theorem. Any element of L!(£2) is in Ly,(£2,1oc).

Proof. Let w and g be bounded open subsets of R™ such that w C g C £2.
Moreover, we assume that the sets w and ¢ are contained in g and 2 along
with their € neighborhoods. We introduce ¢ € 2(£2) with ¢ = 1 on g, take an
arbitrary u € L} (£2), and set T = pu. Further, let € 2 be such that 7 = 1
in a neighborhood of the origin and suppn C B..

It is well known that the fundamental solution of the polyharmonic oper-
ator Al is

Iz) = {Cn,l(l)l|$|2l", for 21 < n or for odd n < 21,

Cna (=) 22" log |z|, for even n < 21.

Here the constant ¢, ; is chosen so that A'I" = §(z) holds.
It is easy to see that Al(nl') = ¢ + & with ¢ € 2(R") and § denoting
Dirac’s function. Therefore,

|
T+(xT= i—'D“(nF)*DaT,

where the star denotes convolution. We note that ¢ « T € C*°(R™). So, we
have to examine the expression D*(nI") * D*T. Using the formula

Z Ao Do‘goDa Ba

a>f

we obtain
DT = D*(pu) = oD%,

in g. Hence,

D(nI") « DT = D*(CI") * pD%u,
in w. To conclude the proof, we observe that the integral operator with a weak
singularity, applied to ¢ D%u, is continuous in L,(w). O

Corollary. Let u € Li,(()). Then all distributional derivatives D*u with
la| =0,1,...,1 —1 belong to the space L,({2,loc).

The proof follows immediately from the inclusion D%u € Ll ‘O‘l(Q) and
the above theorem.

Remark. By making use of the results in Sect. 1.4.5 we can refine the
theorem to obtain more information on local properties of elements in L;(Q).
By the above theorem, if 2 is connected, we can supply Lé(ﬂ) with the

norm
lullzy (o) = IIViullz, ) + llullz, @), (1.1.1)

where w is an arbitrary bounded open nonempty set with w C 2.



4 1 Basic Properties of Sobolev Spaces
1.1.3 Absolute Continuity of Functions in L;(Q)

First we mention some simple facts concerning the approximation of functions
in L,(£2) by smooth functions.

Let p € 2,0 > 0, supp ¢ C By, and

/gp(x) dr = 1.

With any u € L,(§2) that vanishes on R™\ (2, we associate the family of

its mollifications
(M) = 6”/@(56 - y)ﬂ(y) dy.

The function ¢ is called a mollifier and ¢ is called a radius of mollification.
We formulate some almost obvious properties of a mollification:

1. Meu e C*(RY);

2. Ifu € Ly(92), then Au — win L,y(2) and || Zul L, @) < |lullz,0);
3. If w is a bounded domain @ C 2, then for sufficiently small €

D M.u = M.D%,
in w. Hence, for u € LL(12),
D*Meu — D% in Ly(w), |of <I.

The properties of a mollification enable us to prove easily that
[Viullz,2) = 0 is equivalent to asserting that u is a polynomial of a de-
gree not higher than [ — 1.

We now discuss a well-known property of L;(Q), p > 1. A function defined
on {2 is said to be absolutely continuous on the straight line [ if this function
is absolutely continuous on any segment of [, contained in 2.

Theorem 1. Any function in L}(£2) (possibly modified on a set of zero
measure my,) is absolutely continuous on almost all straight lines that are
parallel to the coordinate axes. The distributional gradient of a function in
L;,(Q) coincides with the usual gradient almost everywhere.

In the proof of this assertion we use the following lemma.

Lemma. There is a sequence {ni} of functions in 2(0,1) such that inclu-
sion g € L1(0,1) and equations

1
/0 a(t)(t) dt = 0

for allk=1,2,..., imply that g(t) = const a.e. on (0,1).
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Proof. Let A be any interval with rational endpoints such that A C (0,1).
Let #(A) denote the collection of mollifications of the characteristic function
Xa with the radii dist(A, R'\(0,1))/2¢, i = 1,2,.... Clearly the union & =
U @(A) is a countable subset of 2(0,1), hence @ is a sequence @ = {¢;}72 ;.
We observe that if f € L1(0,1) and

1
/0 F(H)pr(t)dt =0

forall k=1,2,..., then

/ef(t)dtz()

for any interval e C (0,1) and hence for any measurable subset e of (0,1).
Thus f =0 a.e. on (0,1).
Now 7y, can be defined by

() = / t (@(S) — a(s) / e dr) s,

where oo € 2(0, 1) and
1
/ alt)dt = 1.
0

1
/ gmt)dt =0 for k=1,2,...,
0

Indeed, if g € L1(0,1) and

we have

Therefore .
g(t) =/ g(s)a(s)ds a.e. on (0,1). 0
0

For the proof of Theorem 1.1.3/1 it suffices to assume that 2 = {2 : 0 <
x; <1,1<i<n} Let 2’ = (x1,...,2,_1). By Fubini’s theorem

/1 ou
0

E(:rﬂt)’ dt < oo for almost all 2’ € w,

where Ou/0t is the distributional derivative. Therefore, the function
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is absolutely continuous on the segment [0,1] for almost all 2/ € w and its
classical derivative coincides with du/0x,, for almost all z,, € (0, 1).

Let ¢ be an arbitrary function in Z(w) and let {n;} be the sequence from
the above lemma. After integration by parts we obtain

! / / o ! v _
/Ov(z,t)nk(t)dtff/o mB) 5 (@, dt, k=12,....

Multiplying both sides of the last equality by ¢(«’) and integrating over w, we
obtain

v
[ v@me)o@)de =~ [ me)o) 5 d
7] 2 Tn
By the definition of distributional derivative,
, , v
(@) (wn)C(2') dz = — | mi(@n)((a") 5~ da.
o o} Tn

Hence the left-hand sides of the two last identities are equal. Since ¢ € Z(w)
is arbitrary, we have for almost all 2’ € w

1
/ [u(:c’, Tp) — v(x',xn)]n;(xn) dz, =0, k=1,2,....
0

By the Lemma, for the same 2’ € w the difference u(z’, z,) — v(a’, z,)
does not depend on z,,. In other words, for almost any fixed 2’ € w

u(z) = / " Ou — (2',t) dt 4 const,
o Ot

which completes the proof. O
The converse assertion is contained in the following theorem.

Theorem 2. If a function u defined on {2 is absolutely continuous on
almost all straight lines that are parallel to coordinate axes and the first clas-
sical derivatives of u belong to L,(12). Then these derivatives coincide with
the corresponding distributional derivatives, and hence u € L;(Q).

Proof. Let v; be the classical derivative of v with respect to x; and let
n € 2(£2). After integration by parts we obtain

n
de=— [ —Lud
/97]1)] X /anju xZ,

which shows that v; is the distributional derivative of w with respect to z;.0
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1.1.4 Spaces W;(Q) and VPL(Q)

We introduce the spaces
!
Wh(£2) = LL(2)NLy(2) and V()= () LE(2

equipped with the norms

lullwi(2) = ||Vlu||L @)+ lullz, @)
lullvi(e ZHVWHL,,(Q

We present here two examples of domains which show that, in general, the
spaces LL(£2), WL(£2), and V/}(£2) may be nonisomorphic if 912 is not suffi-
ciently regular.

In his paper of 1933 Nikodym [637] studied functions with a finite Dirichlet
integral. There he gave an example of a domain for which W3 (£2) # Li(2).

Ezample 1. The domain {2 considered by Nikodym is the union of the
rectangles (cf. Fig. 2)

Ap ={(z,y) 27" —27 1" <z <277 2/3 <y < 1},
B = {(z,y) : 27" —ep <z < 2!, 1/3 <y < 2/3},
C={(zy):0<z<1, 0<y<1/3},

where &,, € (0,27™ 1) and m =1,2,....
Positive numbers «,,, are chosen so that the series

Y
1
Am
/Bm
c
0 1 x

Fig. 2.
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y 27"

&
2—m/2

P
0 2 T
Fig. 3.
> alma(Am), (1.1.2)
m=1

diverges. Let u be a continuous function on {2 that is equal to a,,, on A,,, zero
on C, and linear on B,,. Since the series (1.1.2) diverges, u does not belong
to L2(£2). On the other hand, the numbers ¢, can be chosen to be so small

that the Dirichlet integral
00 ou 2
Z // m <ay) dx dy’

m=1

converges.

Example 2. The spaces W3 (£2) and V(£2) do not coincide for the domain
shown in Fig. 3. Let

0 on P,
u(z,y) = ¢ 4™(y — 1)? on S, (m=1,2,...),
2mtl(y—1)—-1 on P, (m=1,2,...).

We can easily check that

// (Vou)? dzdy = 227,
Sm
// u?dz dy = 2-5m,
Sm
// u? dxdy ~ 2*7"/27
PTTl
// (Vu)? dzdy ~ 273,
S’"'L
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// (Vu)? de dy ~ 2m/2,
P’"'L

Therefore, [|[Vul|r,(2) = oo whereas [Jul|yz(o) < oo.

1.1.5 Approximation of Functions in Sobolev Spaces by Smooth
Functions in (2

Let 1 < p < co. The following two theorems show the possibility of approxi-
mating any function in L} (£2) and W} (£2) by smooth functions on 2.

Theorem 1. The space LIZD(Q) NC>®(£2) is dense in LL(Q),

Proof. Let {#k}r>1 be a locally finite covering of {2 by open balls %y
with radii r, %) C £2, and let {@k}k>1 be a partition of unity subordinate to
this covering. Let u € L;(Q) and let {0} be a sequence of positive numbers
which monotonically tends to zero so that the sequence of balls {(1 + ox) % }
has the same properties as {%;}. If B, = B,(z), then by definition we put
Py, = Beo(x). Let wy, denote the mollification of uy = @ru with radius ggry.
Clearly, w = > wy, belongs to C*°(£2). We take £ € (0,1/2) and choose gy, to
satisfy

lur —wil Ly 2) < .

On any bounded open set w, & C {2, we have

u = E Uk,

where the sum contains a finite number of terms. Hence,
llu— ’WHL;(Q) < Z l|lur — wkHL;(Q) <e(l-g)h
Therefore, w € LL(£2) N C>(£2) and
flu — w||L;,(Q) < 2e.
The theorem is proved. t

The next theorem is proved similarly.

Theorem 2. The space W;((Z) NC>=(12) is dense in W;((Z) and the space
VL(£2) N C>(82) is dense in V}(12).

Remark. It follows from the proof of Theorem 1 that the space L;}(Q) N
C>(£2) N C(£2) is dense in LL(£2) N C(£2) if 2 has a compact closure. The
same is true if Lg) is replaced by Wé or by Vpl.

In fact, let o, be such that

k
lur — willcay < e
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We put
N o)
=Sk 3w
k=1 k=N+1
Then -
sup|w(:c) — "//N(a:)| < Z [lug — wkHC(Q) < 2eN+L
€S k=N+1

and hence w € C({2) since w is the limit of a sequence in C(£2). On the other
hand,

e}
lu = wlloi@y < D lluk —willo) < 2e,
k=1

which completes the proof. O

1.1.6 Approximation of Functions in Sobolev Spaces by Functions
in C*>*(£2)

We consider a domain 2 C R? for which C°°(£2) cannot be replaced by C°°({2)
in Theorems 1.1.5/1 and 1.1.5/2. We introduce polar coordinates (g,6) with
0 < 0 < 27. The boundary of the domain 2 = {(p,0) : 1 < 0 < 2,0 < 6§ < 27}
consists of the circles o = 1, p = 2, and the interval {(9,0) : 1 < o < 2, § = 0}.
The function u = @ is integrable on {2 along with all its derivatives, but it is
not absolutely continuous on segments of straight lines x = const > 0, which
intersect §2. According to Theorem 1.1.3/1 the function u does not belong
to LL(£21), where (2; is the annulus 2 = {(0,0) : 1 < ¢ < 2,0 < 0 < 2n}.
Hence, the derivatives of this function cannot be approximated in the mean
by functions in C°°(£2).

A necessary and sufficient condition for the density of C*°(£2) in Sobolev
spaces is unknown. The following two theorems contain simple sufficient con-
ditions.

Definition. A domain 2 C R" is called starshaped with respect to a point
O if any ray with origin O has a unique common point with 9f2.

Theorem 1. Let 1 < p < oco. If 2 is a bounded domain, starshaped with
respect to a point, then C>(£2) is dense in W}(£2) and V}(£2), p € [1,00). The
same is true for the space Lé(Q), i.e., for any u € Lé(Q) there is a sequence

{u;}i>1 of functions in C*°({2) such that
u; —u in Ly(£2,loc) and | Vi(ui — u)”L @ — 0
Proof. Let u € Wé(!)). We may assume that (2 is starshaped with respect

to the origin. We introduce the notation u,(z) = u(rz) for 7 € (0,1). We can
easily see that [lu — u,||z, (o) — 0as7— 1.
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From the definition of the distributional derivative it follows that D*(u,) =
m'(D*u), |a| = 1. Hence u, € W}(7~1£2) and

D% = ), g < 1(D%0), = D), gy + D% = (D) [,
<(1- Tl)||(Da“)T||Lp(Q) + D - (Da“)THLp(Q)'

The right-hand side tends to zero as 7 — 1. Therefore, u, — u in W}(£2).
Since £2 C 77142, the sequence of mollifications of u, converges to u, in
WTl)(Q). Now, using the diagonalization process, we can construct a sequence
of functions in C*°({2) that approximates u in W}(£2). Thus we proved the
density of C°°(£2) in W}(£2). The spaces L, (£2) and V,/(£2) can be considered

in an analogous manner.

Theorem 2. Let 1 < p < co. Let §2 be a domain with compact closure
of the class C'. This means that every x € 0f2 has a neighborhood % such
that 2 N % has the representation x, < f(Z1,...,Tp_1) in some system of

Cartesian coordinates with a continuous function f. Then C*({2) is dense in
Wi(£2), VL), and LL(£2).

Proof. We limit consideration to the space V;(Q). By Theorem 1.1.5/2 we
may assume that u € C>(£2) N V(£2).

Let {%} be a small covering of 912 such that % N 02 has an explicit
representation in Cartesian coordinates and let {n} be a smooth partition of
unity subordinate to this covering. It is sufficient to construct the required
approximation for un.

We may specify (2 by

Q={z=(a\2,): 2" €G, 0<u, < f(2)},

where G C R"™! and f € C(G), f > 0 on G. Also we may assume that u has
a compact support in QU {z: 2’ € Gz, = f(a')}.

Let ¢ denote any sufficiently small positive number. Obviously, uc(z) =
u(x’,x, — €) is smooth on §2. It is also clear that for any multi-index a,
0 < |a| <1, we have

| D* (ue — U)HLP(Q) = [[(D), - DauHLp(.Q) —0

as € — +0. The result follows. O

Remark. The domain {2, considered at the beginning of this section, for
which C*°(£2) is not dense in Sobolev spaces, has the property 92 # 912. We
might be tempted to suppose that the equality 02 = 942 provides the density
of C>(£2) in L (£2). The following example shows that this conjecture is not
true.

Ezample. We shall prove the existence of a bounded domain {2 C R"™ such
that 002 = 802 and L, (£2) N C(£2) is not dense in L, (£2).
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We start with the case n = 2. Let K be a closed nowhere dense subset of
the segment [—1,1] and let {B;} be a sequence of open disks constructed on
adjacent intervals of K taken as their diameters. Let B be the disk 22 +1% < 4
and let 2 = B\UB;. We can choose K so that the linear measure of I' = {z €
K : |z| < 1/2} is positive. Consider the characteristic function 6 of the upper
halfplane y > 0 and a function n € C3°(—1,1) which is equal to unity on
(—1/2,1/2).

The function U, defined by

U(x,y) =n(x)0(z,y),

belongs to the space L;(B) for all p > 1. Suppose that u; — U in L}D(Q),
where {u;};>1 is a sequence of functions in C'(£2) N L, (£2). According to our
assumption, for almost all € I" and for all § € (0,1/2),

5 Ous(x
uj(@,8) — uj(x, —9) :/ Mdy.

-6 dy

Hence

/ ‘uj(%(S) — uj(z, =8)[ dz < // ]graduj(:r,y)| dz dy,
r r(s)

where I'(6) = I" x (=9, 9).
Since u; — U in Li({2), the integrals

// |grad u;(z,y)| dzdy, j>1,
)

are uniformly small. Therefore, for each € > 0 there exists a o > 0 such that
for all § € (0,dp)

F|uj(x,5) —uj(z,—06)|dx < e.

Applying Fubini’s theorem, we obtain that the sequence in the left-hand side
converges to

/ |U(z,0) = U(z,—6)| dz = my(I)
r

as j — oo for almost all small §. Hence m;(I") < ¢ which contradicts the
positiveness of m; (I"). Since 042 = 912, the required counterexample has been
constructed for n = 2.

In the case n > 2, let {25 denote the plane domain considered previously,
put 2 = 25 x (0,1)""2, and duplicate the above argument.

1.1.7 Transformation of Coordinates in Norms of Sobolev Spaces

Let H and G be domains in R™ and let
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T:y—a(y) = (:171(y)7--~,117n(y)),

be a homeomorphic map of H onto G.
We say that T is a quasi-isometric map, if for any yo € H,zg € G,

lmsup F@ =Wl -y W) Z @)l (1.1.3)

Y—Yo ly — yol T—x0 |z — 20

and the Jacobian det 2/(y) preserves its sign in H.
We can check that the estimates (1.1.3) are equivalent to

|2’ (y)|| <L ae. on H, lv/(z)]| <L a.e. onG,

where z’,y’ are the Jacobi matrices of the mappings y — z(y), x — y(x)
and || - || is the norm of the matrix. This immediately implies that the quasi-
isometric map satisfies the inequalities

L™ < |deta’(y)| < L™ (1.1.4)

By definition, the map 7" belongs to the class C=VI(H), | > 1, if the
functions y — x;(y) belong to the class C*~"(H). It is easy to show that if
T is a quasi-isometric map of the class C'~11(H), then T~! is of the class

C(G).

Theorem. Let T be a quasi-isometric map of the class C'=V1(H), 1 > 1,
which maps H onto G. Let u € V(G) and v(y) = u(x(y)). Then v € V(H)
and for almost ally € H the derivatives D*v(y), |a| <1 ezist and are expressed
by the classical formula

D(y)= > @) (D) (x(y)). (1.1.5)

1<[BI<]a]
Here "
e5w) => e [[T] (P 2:)(w),
s i=1 j
and the summation is taken over all multi-indices s = (s;5) satisfying the
conditions

Yosig=on lsgl=1 Y (Isil— 1) = ol 8],
i,

2%
Moreover, the norms ||v|lv:(m) and ||u||V1§(G) are equivalent.

Proof. Let w € C*(G) N Vpl(G). Then v is absolutely continuous on al-
most all straight lines that are parallel to coordinate axes. The first partial
derivatives of v are expressed by the formula



14 1 Basic Properties of Sobolev Spaces

a;y(i) -2 o ( 8u,> ((9)), (1.1.6)

for almost all y. Since

[VollL, )y < cllVullL, @),

it follows by Theorem 1.1.3/2 that v € V,}(H). After the approximation of an
arbitrary u € V/(G) by functions in C*(G) N V,}(G) (cf. Theorem 1.1.5/2)
the result follows in the case [ = 1.

For [ > 1 we use induction. Let (1.1.5) hold for |a| = — 1. Since D"u €
V, (G), the functions y — (D"u)(z(y)) belong to the space V;}(H). This and
the inclusion ¢4 € C%'(H) imply that each term on the right-hand side of
(1.1.4) with |a| = I — 1 belongs to V,}(H). Applying (1.1.6) to (1.1.5) with
|a] =1, we obtain

IVwllr, ) < cllullvia)-

The result follows. O

1.1.8 Domains Starshaped with Respect to a Ball

Definition. (2 is starshaped with respect to a ball contained in (2 if (2 is
starshaped with respect to each point of this ball.

Lemma. Let {2 be a bounded domain starshaped with respect to a ball B,
with radius o and with center at the origin of spherical coordinates (r,w). If
012 has a representation r = r(w), then r(w) satisfies a Lipschitz condition.

Proof. We show that for all z,y € 02 with
lwy —wy| < 1, (1.1.7)

the inequality
lz —y|l < 2D2Q_1|wﬂc — wy|
holds where D is the diameter of (2.

The inequality (1.1.7) means that the angle ¢ between the vectors z and
y is less than /3. We shall show that the straight line [, passing through the
points x,y, cannot intersect the ball B, /s.

In fact, if there exists a point 2z € [N B, /5, then z belongs to the segment
xy since 2 is starshaped with respect to z. Consider the triangles Oxz, Oyz.
The inequalities |z| > o, |y| > o, |2] < 0/2 imply |2| < |y — 2|, |2|] < |z — 2|.
Hence < Oxzz < /3, <Oyz < /3, and p = 7 — <Oxz — <Oyz > 7/3, which
contradicts (1.1.7).

The distance from the origin O to the line [ is |z||y||z — y|~! sin ¢ which
is less than /2 since [ N B, /o # @. Therefore

|z —y| < 207 z|ly|sin g < 407" D?sin(p/2) = 207D |w, — w,|,
and the result follows. O
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Remark. It is easy to see that the converse assertion also holds. Namely, if
{2 is a bounded domain and 942 has the representation r = r(w) in spherical
coordinates with r(w) satisfying a Lipschitz condition, then (2 is starshaped
with respect to a ball with its center at the origin.

1.1.9 Domains of the Class C%! and Domains Having the Cone
Property

Definition 1. We say that a bounded domain {2 belongs to the class C %! if
each point x € 92 has a neighborhood % such that the set % N {2 is repre-
sented by the inequality x,, < f(z1,...,2,—1) in some Cartesian coordinate
system with function f satisfying a Lipschitz condition.

By Lemma 1.1.8 any bounded domain starshaped with respect to a ball
belongs to the class C!.

Definition 2. A domain {2 possesses the cone property if each point of £2
is the vertex of a cone contained in {2 along with its closure, the cone being
represented by the inequalities 2% + -+ +22_; < bz2,0 < z,, < a in some

Cartesian coordinate system, a,b = const.

Remark 1. It is easy to show that bounded domains of the class C! have
the cone property. The example of a ball with deleted center shows that the
converse assertion is not true.

Lemma 1. Let {2 be a bounded domain having the cone property. Then {2
is the union of a finite number of domains starshaped with respect to a ball.

Since a domain having the cone property is a union of congruent cones
and hence it is a union of domains starshaped with respect to balls of a fixed
radius, then Lemma 1 follows immediately from the next lemma.

Lemma 2. If a bounded domain {2 is a union of an infinite number of
domains G, starshaped with respect to balls B, C G, of a fized radius R > 0,
then for each r < R there exists a finite number of domains 2 (1 <k < N)
starshaped with respect to balls of radius r, contained in (2, and such that

U, 2 = 2.

Proof. Let G; be a domain in the collection {G,}. Consider the domain
$1 = Uz G, where the union is taken over all domains G for which the
distance between the centers of the balls Zg and %, is ¢ < R —r. Obviously,
any of the balls %3 contain the ball C; of radius r concentric with %;. Since
any Gg is starshaped with respect to C, then (21 is starshaped with respect
to Cl.

We define G5 to be any of the domains G, such that G, N 1 = @.
Repeating the preceding construction, we define a domain {2 starshaped with
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respect to the ball Cs of radius r with the center situated at a distance d >
R —r from the center of the ball C. Analogously, we construct a domain (25
starshaped with respect to a ball C3 of radius r with the center situated at a
distance d > R — r from the centers of the balls C; and C5, and so on.

Clearly this process will stop after a finite number of steps since the centers
of the balls C1,Cs, ..., are contained in a bounded domain and the distance
between centers is more than R — r > 0. The result follows.

Remark 2. Domains of the class C'%! are sometimes called domains hav-
ing the strong Lipschitz property, whereas Lipschitz domains are defined as
follows.

Definition 3. A bounded domain {2 is called a Lipschitz domain if each
point of its boundary has a neighborhood % C R™ such that a quasi-isometric
transformation maps % N {2 onto a cube.

Clearly, domains of the class C%! are Lipschitz domains. The following
example shows that the converse is not true, i.e., a Lipschitz domain may not
have a strong Lipschitz property. Moreover, the Lipschitz domain considered
in the next example fails to have the cone property (cf. Remark 1).

Ezample. Let 2 C R? be the union of the rectangles Py, = {z : |z; —27%| <
2782 0 <y <2782} k= 1,2,..., and the square Q = {z : 0 < 2; <
1, —1 < x5 < 0}. Obviously, £2 does not have the cone property. We shall
show that (2 can be mapped onto the square () by a quasi-isometric map.

We can easily check that the mapping Ty : * — y = (y1,¥2), being the
identity on @ and defined on P, by

yi = (z1—27%) (1 — 2F20) +27%,  yo =,

is quasi-isometric. The image T2 is the union of the square TyQ and the set
{y: 0 <y1 <1,0 <ys < f(y1)} with f satisfying the Lipschitz condition
with the constant 4 and 0 < f(y;) < 1/8 (cf. Fig. 4).

Let 1 be a piecewise linear function, n =1 for y > 0 and n =0 for y < —1.
The Lipschitz transformation 77 : y — z, defined by

Z1 = Y1, 2o = y2 — f(y1)n(y2),

maps Tpf2 onto the square {z:0 < z; < 1,—1 < 22 < 0}. The Jacobian of T}
is greater than 1/2; therefore T} is a quasi-isometric mapping.
Thus, {2 is mapped onto @ by the quasi-isometric mapping ToT7.

1.1.10 Sobolev Integral Representation

Theorem 1. Let 2 be a bounded domain starshaped with respect to a ball By,
Bs C 2, and let u € Lé(ﬁ). Then for almost all x € (2
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ol s [ 1]
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Fig. 4.
L z p y d
) = Z(g) /,3%(5>“(y) y
R 5
o s
/frzfzi “u(y) dy, (1.1.8)

|oz\ l

wherer =y —z|, 0 = (y—x)r~t, o3 € D(B1), fa are infinitely differentiable
functions in x, r, 8 such that

|[fal < c(D/o)"
where ¢ is a constant that is independent of {2 and D is the diameter of (2.

Proof. It suffices to put § = 1. Let ¢ € Z(B;) and

/31 p(z)dz =1.

First we assume that u € C°°(2). If x € {2,z € By, the line segment [z, z] is
contained in {2 and so the following Taylor’s formula applies:

u(z) = Z Dlu(> +l/ (1—-t) 12 .Da (z+t(z—2)) (x—z)" dt.

18] <! At

| =t

Multiplying this equality by ¢(z) and integrating over z € By, we obtain
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Dfu(z) 3
u(z) = (x — 2)Pp(2)dz

PR

+1> i, at
o

X / (1-t)""'D(z 4+ t(z — 2))(z — 2)%p(2)dz.  (1.1.9)
B

Since
DPu(z)(x — 2)Pp(z)dz
By

= (—1)l7! ; u(z) DY ((x — 2)Pp(2)) dz, |8l <1,

the former of the last two sums in (1.1.9) is a polynomial of degree [ — 1 in
R™, which can be written in the form of the first term on the right-hand side
of (1.1.8). We extend D%u to be zero outside {2 for |a| = | and perform the
change of variable y = z+t(z — z) in the last integral over By in (1.1.9). Then

r—z=(1-t)" Yz —vy), dz=(1-1t)""dy,

and the general term of the second sum in (1.1.9) is

1 1 y —tx dt

— d D~ —y)“ .

ol o y/o u(y)(z —y) w( T )(1—t)"+1
The last expression can be written as

1
— | D%u(y)(z —y)*K(z,y)dy,
Q. Jrn

with

1 e}
y—tx dt _ 1
K = =r " + 00" ' d
(z,9) /0 90( 1_1¢ ) (1 —t)n+t r /7 p(z + 00)o0 0s

where r = |z — y| and 6 = (y — x)/|z — y|. Here we have made the change of
variables
y—tx
1—-1
that is, y —ax = (1 — t)pf and r = (1 — t)o.
Note that the function R™\ {y} 3 z — K(z,y) is in C°(R™\ {y}) for any
fixed y € R™. Moreover, K (x,y) = 0 if the line segment [z, y] is not contained
in the cone V, = |, ¢, [7, 2]. Thus, formula (1.1.8) holds where

=z + 00,

(—1)!
al

Jalz,r,0) =

00‘/ o(x + 00) 0" ! do.
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To check the estimate |f,| < ¢D"~!, we observe that

A

[ (P
’fa(x,r,0)| < J/ |<p(x+90)|gn—1 do
< L'D"_l/ (x4 06)]| do.
Q. z+p0€ B,

The last integral is dominated by 2sup{|¢(z)| : z € B}, which gives the
required estimate.

The representation (1.1.8) has been proved for u € C*°(§2). Suppose u €
L!(£2) and p € [1,00). By Theorem 1.1.6/1, there is a sequence {u;};>1 such
that

u; € C°(02),u; — u in L,(£2,loc), |[Vi(u; — U)HLP(Q) — 0.

Passing to the limit in (1.1.8) for u; and using the continuity of the integral
operator with a weak singularity in L,({2), we arrive at (1.1.8) in the general
case. This completes the proof of the theorem. O

For {2 = R"™ we obtain a simpler integral representation of u € Z.
Theorem 2. If u € 9, then

I/
Z dy
U /71 JDO( 1’ (1110)

lee|=l

where w,, is the (n — 1)-dimensional measure of S"71, i.e.,

27Tn/2

(1.1.11)

and as in Theorem 1, r = |y —z|, 0 = (y —z)r~ 1.

Proof. For fixed 2 € R” and § € S”~ !, we have

(=1

oo 3 al
u(x) = (l—l)!/o 7t 1Wu(x+rt9)dr.

Since

o o
ﬁu(x—i—r@) = Z a@ (D%u)(x + 16),

=l

it follows that

/ ri1 Z Da (z+r6)dr.

lel= @

Integration with respect to 6 implies (1.1.10). O
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1.1.11 Generalized Poincaré Inequality

The following assertion, based on Lemma 1.1.9/1 and Theorem 1.1.10/1, will
be used in Sect. 1.1.13.

Lemma. Let {2 be a bounded domain having the cone property and let w
be an arbitrary open set, w C 2. Then for any u € LL(Q), p > 1, there exists
a polynomial

II(z) = Z (u, pa )z, (1.1.12)

lal<i-1

such that

-1
Y AVitu =1, (o < CIViulL, @) (1.1.13)
k=0

Here ¢, € Z(w) and C is a constant independent of u.

Proof. Clearly, we may assume that w is a ball.

Let G be any subdomain of {2 starshaped with respect to a ball referred to
in Lemma 1.1.9/1 and let 4 be the corresponding ball. We construct a finite
family of open balls {%;}M such that By = B, B; N\ Bit1 # T, By = w.
Since G is starshaped with respect to any ball contained in %y N %, then by
the integral representation (1.1.8) and by continuity of the integral operator
with the kernel |z — y|'=*=" in L,(G) we obtain

IViullL,) < CUIViulle, @ + lullL,@nz)), 0<k<l — (1.1.14)
Also, fori=1,...,M — 1,
lullz,z) < C(IViullL, @) + 1ullL, @nzi0))-

Therefore,
IVkullz, ) < C(IViullL, o) + lull, w))-

Summing over all G we obtain
IViullz,2) < C(IViullz, @) + L, w))- (1.1.15)
From the integral representation (1.1.8) for a function on w it follows that

|u =11, w < ClIViullL, w)s

where
1) = 3 o [ o) ds. oa e 7(),
iBl<t ¥
It remains to replace u by uw — IT in (1.1.15). The Lemma is proved. O

The Lemma implies the following obvious corollary.
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Corollary. The spaces V,}(£2), W)(£2), and LL(£2) coincide for 2 having
the cone property.

Remark. In this section we deliberately do not give a general formulation
of the lemma for functions on domains that have the cone property. Such a for-
mulation follows immediately from the Lemma combined with Theorem 1.4.5,
which will appear later.

On the other hand, the class of domains, considered in the Lemma, is also
not maximal. The statements of the Lemma and of the Corollary are true
for any bounded domain which is a union of domains of the class C, defined
in Theorem 1.1.6/2. The proof is essentially the same, but we must use the
following simple property of domains of the class C instead of (1.1.14).

Let

Q:{x:x%+-~-+xi_1<92, O<xn<f(:z:1,...,xn_1)},

with a continuous function f defined on the ball 23 + - +22_; < 0% Let G
denote the “base” of (2, i.e., the cylinder

{x:x%+~~+x%_1 <0 0<z, < minf(zl,...,xn_l)}.
Then, for all u € C1(£2),
lullz,2) < C(IVullr, @) + lullz,@)-

The last inequality follows from the elementary inequality

/0a|f(t)|P dt < c<ap /O“’fmv, dt—i—%/ob’f(t)’pdt), (1.1.16)

where f € C1[0,a], 0 < b < a,k and ¢ depends only on p.
The proof of (1.1.16) runs as follows. Let

a 1/
D, = <a1/0 |f(t)|pdt> p,

be the value of | f| at some point of (0, a). We have

a
By — By < / FO1dt < a® D2 0w,

and (1.1.16) follows.
Ezxample. Considering the domain
Q2 ={(z,y) eR*: |y| <exp(-1/z), 0 <z <1},

and the function u(x,y) = z¥exp(1/(pz)), we may easily check that, in
general, the space L,(2) on the left-hand side of (1.1.13) cannot be replaced
by any of the spaces L4({2), ¢ > p, for domains of the class C.
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1 1
1.1.12 Completeness of W (§2) and V,(2)

In the following theorem (2 is an arbitrary open subset of R"™.
Theorem. The spaces W)(£2) and V(2) are complete.

Proof. Let {ug }r>1 be a Cauchy sequence in W) (£2). Let uj, — u in Ly (2)
and let D%uy — vq, |a| =1 in L,(£2). For any ¢ € 2(£2) we have

/uD“(pdx: lim / ur D%p dz
Q k—oo /o

=(=D! lim [ pDYudz = (—l)l/ Vap da.
k—o0 0 0

Thus, v, = D%u and the sequence {uy} converges to u € W;,(.Q). The result

follows for the space W} (£2). The case of V/}(£2) can be considered in the same

way. O

1.1.13 The Space L;(Q) and Its Completeness

Let (2 be a domain.

Definition. Lé(()) is the factor space L} (£2)/2_1, where 2} is the sub-
space of polynomials of degree not higher than k.

We equip Lé(()) with the norm [|Vjul|z (o). The elements of LL(Q) are
classes @ = {u+ I} where II € Z_1, u € LL(02).

Theorem 1. The space LL(Q) is complete.

Proof. Let {uy}r>1 be a Cauchy sequence in L;(Q). This means that for
any ug, in the class @, and any multi-index «, || =1, D%u, — T, in L,y(£2).
We shall show that there exists a u € L) (£2) such that D*u = T,,.

Let B be an open ball B C 2, and let {w;};>0 be a sequence of domains
with compact closures and smooth boundaries such that

BCL«JO, w; C Wjt1, ij:Q.
J
Let I be a polynomial specified by the set w = B and by the function u; in
Lemma 1.1.11. Since uy, is in the class 1y, then
v = ug — Iy

is in the same class. By Lemma 1.1.11, {vs} is a Cauchy sequence in L,(w,)
for any j. We denote the limit function by w. Clearly, for any ¢ € 2(£2) and
any multi-index o with |o| =1,

(u, D%) = kllrgo(vk,Dagp) = lim (—1)Z<Dauk,ap) = (-DY(Tw, @)

k—o0
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The result follows. O
The proof of Theorem 1 also contains the following assertion.

Theorem 2. Let {uy} be a sequence of functions in L]lg(Q) such that

k—oo 0

V1 _U)HLP(Q)

for some u € Lé(()). Then there exists a sequence of polynomials IT, € P4
with uy, — Iy — u in LL(£2,loc).

1.1.14 Estimate of Intermediate Derivative and Spaces WIIJ(Q) and
Ly, (12)

We start with an optimal estimate of the first derivative by the L; norms of
the function and its second derivative.

Lemma. Let —co0 < a < b < oco. For all f € Wi(a,b) and for every
x € [a, b

b b
| (z)] < |f”(t)\dt+ﬁ/ | f(t)] dt. (1.1.17)

Both constants 4(a — b)™2 and 1 in front of the integrals on the right-hand
side are sharp.

Proof. By dilation, (1.1.17) is equivalent to the inequality

1 1
|f(z)|§[1|f (t)|dt+[1|f(t)|dt. (1.1.18)

Integrating by parts, one checks the identity

1

f(@) = / A @) O+ / (sign £)f(t) dt,

-1

where t
1—|y))dy fort <z,
g [0
[yl - 1dy  fort > a.

Inequality (1.1.18) follows from

/1 (1—|y|)dy=1.

1

Putting f(¢) =t in (1.1.18), we see that 4(b —a) 2 is the best constant in
(1.1.17). To show the sharpness of the constant 1, we choose f as a smooth
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approximation of the function e71(t — 1 +¢),, where ¢ is an arbitrarily small
positive number. O

Remark. The just proved lemma leads directly to the inequality
11wy < (= DIF L gy + G =) AL )y (L119)
where p € [1,00]. In its turn, (1.1.19) implies
||f/||ip(]R) < c(p)(s”f””lL)p(R) +5_1Hf||[[),p(]1§))a (1-1-20)

with an arbitrary € > 0. Clearly, (1.1.20) is equivalent to the inequality

1
17 1y < @) 171 A 11 (1.1.21)

which can be found in Hardy, Littlewood, and Pélya [351], Sect. 7.8 (see also
Lemma 1.8.1/2 in the present book).

Let, as before, {2 denote an open subset of R". We conclude this section
by introducing the spaces VZ(Q) and Wé(Q), as completions of C§°({2) in the
norms of VIf(Q) and Wé(()), 1 < p < co. In fact, these new spaces coincide,
which results from the one-dimensional inequality (1.1.21).

Another space Lé(()), to be used frequently in what follows, is defined as
the completion of C§°(£2) in the norm ||Viul|, (o). Important properties of

L1 (£2) will be studied in Chap. 15.

1.1.15 Duals of Sobolev Spaces

Theorem 1. Let 1 < p < co. Any linear functional on Lé(.Q) can be expressed
as

f(u):/Q > ga(z)Du(z) da, (1.1.22)

le=t

where go € Ly (22), pp’' =p+p', and

(=

|ae|=l1

1]l = inf (1.1.23)

1/2
gi)

Here the infimum is taken over all collections {ga }|a|=i, for which (1.1.22)
holds with any w € L. (£2).

Lp/(Q).

Proof. Obviously, the right-hand side of (1.1.22) is a linear functional on

Lé(ﬁ) and
1/2
1l < H(z gi)

lee|=t

L,(£2)
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To express f(u) as (1.1.22), consider the space Ly (§2) of vectors v = {vq }a|=
with components in L, ({2), equipped with the norm

=)

Since the space LL(Q) is complete, the range of the operator V; : L]la(.Q) —
L,(£2) is a closed subspace of L,(£2). For any vector v = V,u we define
®(v) = f(u). Then

|| =t Lp(£2)

12l = 11,

and by the Hahn-Banach theorem & has a norm-preserving extension to
L,(£2). The proof is complete. O

As before, let W(£2) = LL(£2) N L,(£2) and let WIZ)(Q) be the completion
of 2(12) with respect to the norm in W}(£2).
The following assertion is proved in the same manner as Theorem 1.

Theorem 2. Any linear functional on W}(£2) (or on W!l)(.Q)) has the form

0= [ (3 ae@D"u(o) + ga)ate) ) (1120
|a| =1
where go € Ly (£2), g € Ly (£2), and

<Z gi+92>

la|=l1

1/2

1]l = inf (1.1.25)

Lp/(.Q)'

Here the infimum is taken over all collections of functions g, g € Ly (£2) for
which (1.1.24) holds with any u € WE(£2) (or u € WII,(Q))

. The following simpler characterization of the space of linear functionals on
W] (£2) is a corollary of Theorem 2.

Corollary. Any linear functional on W;,(Q) can be identified with a gen-
eralized function f € 9'(12) given by

=Y (-1)'D%q +g, (1.1.26)

|| =1

where g, and g belong to Ly (£2). The norm of this functional is equal to the
right-hand side of (1.1.25), where the infimum is taken over all collections of
functions g, g, entering the expression (1.1.26).
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1.1.16 Equivalent Norms in W:,(.Q)

The following theorem describes a wide class of equivalent norms in Wé(())

Theorem. Let {2 be a bounded domain such that Lé(!?) C Ly(£2) (for
example, 2 has the cone property). Let F(u) be a continuous seminorm in
WZI)(Q) such that % (I1;—1) # 0 for any nonzero polynomial II;_1 of degree not
higher than | — 1. Then the norm

IViullz, o) + F (w), (1.1.27)
is equivalent to the norm in W}(£2).

Proof. Let .# be the identity mapping of WIZ)(Q) into the space B({2)
obtained by the completion of W}(£2) with respect to the norm (1.1.27). This
mapping is one-to-one, linear, and continuous. By Theorem 1.1.13/1 on the
completeness of L!(£2) it follows that B(£2) C L} (£2). Since Lt (£2) = W) (£2),
then .# maps W} (£2) onto B(£2). By the Banach theorem (cf. Bourbaki [128],
Chap. 1, §3, Sect. 3), .# is an isomorphism. The result follows. O

Remark. The functional

F)= Y |falu),

0<|a| <l
where f, are linear functionals in W) (£2) such that

det(fa(2%)) #0, ol 18l <11,

satisfies the conditions of the Theorem. For example, we can put
fa(uw) :/ uD%pdzx,
Q

where ¢ € 2(2) and
/ o(x)dx #£ 0.
Q

Let B be a projector of W;,(.Q) onto the polynomial subspace &;_1, i.e.,
a linear continuous mapping of W/ (£2) onto 27, such that P> = 9B. Then
we may take |P(u)| as F(u).

Since P(u — P(u)) = 0, by the Theorem we have the equivalence of the
seminorms || Viul|z,(2) and [lu — B(u)|lw: (o) (cf. Lemma 1.1.11).

1.1.17 Extension of Functions in sz(ﬂ) onto R™

In this section we discuss space-preserving extensions of functions in V;}(Q)
onto the exterior of 2. We begin with the well-known procedure of “finite-
order reflection.”
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We introduce the notation. Let © = (2/, x,,), where 2’ = (21, ...,2,-1), let
7 be an n-dimensional parallelepiped, P = 7 x (—a/(l4+1),a), Py = 7 x(0,a),
= P\P,.

Theorem. For any integer | > 0 there exists a linear mapping
C>®(Py) 3 u* — ue CY(P),

such that u* = u on Py. It can be uniquely extended to a continuous mapping
LE(Py) — LE(P), p>1, fork=0,1,...,1

The extension w — u* can be defined on the space C*'(Py), k =
0,1,...,1 — 1. It is a continuous mapping into C**(P).

This mapping has the following property: if dist(suppw, F') > 0 where F
is a compactum in Py, then u* = 0 in a neighborhood of F.

Proof. Let u € C*°(P,). We set u* = u in P, and

I+1

Zc] —jxn) in P_,

where the coefficients c; satisfy the system

The determinant of this system (the Vandermonde determinant) does not
vanish. B
Obviously, u* € C'(P). It is also clear that

IViullr,py < cllViullz,p,)-

Since C*°(P, ) is dense in L (P,) by Theorem 1.1.6/1, the mapping u* —
admits a unique extension to a continuous mapping L (P.) — LE(P). The
continuity of the mapping C*!(P;) > u — u* € C*!(P) can be checked
directly.

Let dist(supp u, F') > 0. We denote an arbitrary point of F N7 by z and
introduce a small positive number ¢ such that (I + 1)é < dist(suppu, F).
Since u = 0 on {z € Py : |2/| < (I +1)x,}, we have u* = 0 on {z € P_ :
|21 + (I + )22 < (I + 1)26%}. Thus, u* = 0 if |#| < §. This completes the
proof. O

Let {2 be a domain in R with compact closure 2 and with sufficiently
smooth boundary 0f2. Using the described extension procedure along with a
partition of unity and a local mapping of 2 onto the halfspace, it is possible
to construct a linear continuous operator & : V;f(!?) — V;f(R") such that

Eulg = u for all u € V}(£2).
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If such an operator exists for a domain then, by definition, this domain
belongs to the class EVpl.

Thus, domains with smooth boundaries are contained in £ Vpl. The bounded
domains of the class C%! turn out to have the same property. The last as-
sertion is proved in Stein [724], §3, Ch.VI (cf. also Comments to the present
section).

In Sect. 1.5 we shall return to the problem of description of domains
in BV,

1.1.18 Removable Sets for Sobolev Functions

Here we describe a class of sets of removable singularities for elements in
Vpl(Q), 2 C R™ The description will be given in terms of the (n — 1)-
dimensional Hausdorff measure. We begin with the definition of the s-
dimensional Hausdorff measure.

Let E be a set in R™. Consider various coverings of E by countable collec-
tions of balls of radii < e. For each s > 0, let

os(e) = v infz re,
i

where r; is the radius of the ith ball, vs > 0, and the infimum is taken over
all such coverings. By the monotonicity of o, there exists the limit (finite or
infinite)

H,(FE) = lim0 os(e).

This limit is called the s-dimensional Hausdorff measure of E. If s is a pos-
itive integer, then vy = my (B§S)), otherwise v, is any positive constant. For
example, one may put v, = 7°/2/I'(1 + s/2) for any s > 0. In the case where
s is a positive integer, s < n, the Hausdorfl measure H, agrees with the s-
dimensional area of an s-dimensional smooth manifold in R™. In particular,
H,(E) = m,(F) for Lebesgue measurable sets E C R" (see, e.g., Federer
[271, 3.2], Ziemer [812, 1.4.2]).

Theorem. Let u € V(2 \ F), where 2 C R™ is an open set and F C {2
is a closed set in §2 satisfying H,—1(F) =0. Then u € Vpl(.Q).

Proof. If w € V(2 \ F), then u and D*u,|a| < I are defined almost
everywhere on {2 and hence D*u € L,(2). It suffices to verify that D%u is
the generalized derivative of u on {2, i.e., for all n € 2(£2),

/uD“ndm:(—l)lo“/nD“udx. (1.1.28)
Q 2

Let
pi(l‘):(xl,...7$i_1,$i+1,...,J?n), 1§Z§7’l,
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denote the projection of a point z € R™ on the coordinate hyperplane orthog-
onal to the x; axis. By assumptions, each set p;(F') has (n — 1)-dimensional
Lebesgue measure zero. Thus, almost every straight line that is parallel to the
x; axis is disjointed from F'. According to Fubini’s theorem, we have

/77 d:z:*/ dx/ dxv, 1<i<n,
83:1 ’ £(x") T

where ' = p;(2),2' = p;(z) and £(z’) is the intersection of 2 with the line
x’ = const. Note that £(z) is in 2\ F for almost all ' € £2’. An application
of Theorem 1.1.3/2 leads to

on on
d da; d da; dz.
/_(/ . /(m/)nasz i /(/ * / &’EZ i /Qua:ci r

Hence (1.1.28) follows for |a| = I = 1. The general case can be concluded by
induction on . Indeed, let I > 2 and let (1.1.28) hold for u € V,/~(£2\ F) with
la] <1—1.1fue Vi(2\F),|a| =1, and D* = D; D’ for some 1 < i < n,
the left-hand side of (1.1.28) equals

Ju
— DPnd 1.1.29
| gpnd. (1.1.29)
since u € V) (£2\ F). By the induction hypothesis, expression (1.1.29) coincides
with the right-hand side of (1.1.28) (because du/dz; € V;*I(Q \ F')). This
completes the proof. O

Let us show that the condition H,,_;(F) = 0 in the above theorem cannot
be replaced by the finiteness of H,,_1(F).

Example. Let 2 = {x € R? : |z| < 2} and let F be the segment {x € £ :
x2 = 0,|x1| < 1}. We introduce the set S = {x € 2 : |z1| < 1,22 > 0} and
define the function u on {2 by

u(z) = {0 on f2\S,

exp(—(1 —2%)71') on S.

We have Hy(F) = 2, u € V}(£2\S) for any I, but u ¢ V}(£2).

1.1.19 Comments to Sect. 1.1

The space W;,(!Z) was introduced and studied in detail by Sobolev [711-
713]. (Note that as early as in 1935 he also developed a theory of distribu-
tions in (C§)* [710].) The definitions of the spaces LL(£2) and Lé(!)) are
borrowed from the paper by Deny and Lions [234]. The proofs of Theo-
rems 1.1.2) 1.1.5/1, 1.1.12, 1.1.13/1, and 1.1.13/2 follow the arguments of
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this paper where similar results are obtained for { = 1. Theorem 1.1.5/1 was
also proved by Meyers and Serrin [599]. Concerning the contents of Sect. 1.1.3
we note that the mollification operator .#. was used by Leray in 1934 [487]
and independently by Sobolev in 1935 [709]. A detailed exposition of proper-
ties of mollifiers including those with a variable radius can be found in Chap. 2
of Burenkov’s book [155]. For a history of the mollifiers see Naumann [624].

The property of absolute continuity on almost all straight lines parallel
to coordinate axes served as a foundation for the definition of spaces similar
to L), in papers by Levi [489], Nikodym [637], Morrey [612], and others. The
example of a domain for which W2(§2) # VZ(2) (see Sect. 1.1.4) is due to the
author. The example considered at the beginning of Sect. 1.1.6 is borrowed
from the paper by Gagliardo [299]. Remark 1.1.6 and the subsequent example
are taken from the paper by Kolsrud [440]. Theorem 1.1.6/1 is given in the
textbook by Smirnov [705] and Theorem 1.1.6/2 was proved in the above-
mentioned paper by Gagliardo. The topic of Sect. 1.1.6 was also discussed by
Fraenkel [285] and Amick [46]. The following deep approximation result was
obtained by Hedberg (see [370]).

Theorem. Let {2 be an arbitrary open set in R™ and let f € Wé(!)) for
some positive integer | and some p, 1 < p < 0o. Then there exists a sequence
of functions {w, },>1, 0 <w, <1, such that suppw, is a compact subset of (2,
wyf € (Loo NW})(£2), and

Jim ([ = wu fllwie) = 0-

An ingenious approximation construction for functions in a two-dimension-
al bounded Jordan domain was proposed by Lewis in 1987 [492] (see also
[491]). He proved that C°°(£2) is dense in W} (£2) for 1 < p < oo. Unfortu-
nately, this construction does not work for higher dimensions, for p = 1, and
for the space Wé(ﬁ) with { > 1. If a planar domain is not Jordan, it may
happen that for [ > 1 bounded functions in the space Lé(!?) are not dense in
LL(£2) (Maz’ya and Netrusov [572], see Sect. 1.7 in the sequel).

The problem of the approximation of Sobolev functions on planar domains
by C*° functions, which together with all derivatives are bounded on (2, was
treated by Smith, Stanoyevitch, and Stegenga in [707], where some interesting
counterexamples are given as well.

In [346] Hajtasz and Maly studied the approximation of mappings u : §2 —
R™ from the Sobolev space [W (£2)]™ by a sequence {u,, },>1 of more regular
mappings in the sense of convergence

f(xauuavuu) dz — f(a:,u,Vu) dz
Q 0
for a large class of nonlinear integrands.

During the last two decades a theory of variable exponent Sobolev spaces
Wl’p(')(ﬁ) was developed, where the Lebesgue LP-space is replaced by the
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Lebesgue space with variable exponent p(x). This topic in not touched in
the present book, but we refer to Kovacik and Rékosnik [461] where such
spaces first appeared and to the surveying papers by Diening, H&sto and
Nekvinda [236], Kokilashvili and Samko [439] and S. Samko [690]. In partic-
ular, the density of Cg°(R") in WHP()(R™) was proved by S. Samko [688]
under the so-called log-condition on p(z), standard for the variable exponent

analysis:

const
x) — < —m———
Ip(z) — p(y)| < Tozlz 4

for small |z — y|. This question is nontrivial because of impossibility to use
mollifiers directly. The Hardy type inequality in variable Lebesgue spaces are
studied by Rafeiro and Samko [669].

In connection with Sect. 1.1.7 see the books by Morrey [613], Reshet-
nyak [677], and the article by the author and Shaposhnikova [578], see also
Sect. 9.4 in the book [588].

The condition of being starshaped with respect to a ball and having the
cone property were introduced into the theory of Wll, spaces by Sobolev [711—
713]. Lemma 1.1.9/2 was proved by Glushko [312]. The example given in
Sect. 1.1.9 is due to the author; another example of a Lipschitz domain that
does not belong to C%! can be found in the book by Morrey [613]. Properties
of various classes of domains appearing in the theory of Sobolev spaces were
investigated by Fraenkel in [285]. Fraenkel’s paper [286] contains a thorough
study of the conditions on domains {2 guaranteeing the embedding of the
space C1(2) in C®*)(2) when a > 0.

Integral representations (1.1.8) and (1.1.10) were obtained by Sobolev [712,
713] and used in his proof of embedding theorems. Various generalizations
of such representations are due to I'in [396, 397], Smith [706] (see also the
book by Besov, II'in, and Nikolsky [94]), and to Reshetnyak [675]. We follow
Burenkov [154] in the proof of Theorem 1.1.10/1.

The Poincaré inequality for bounded domains that are the unions of do-
mains of the class C' was proved by Courant and Hilbert [216]. Properties
of functions in L (2) for a wider class of domains were studied by J.L. Li-
ons [499)].

Stanoyevitch showed [720] (see [721] for the proof) that the best constant
in the one-dimensional Poincaré inequality

lu=allz,-11) < ClIVullL,-1,1)
isequal to 1 if p =1 and

(p')/Ppt/7 psin(m/p)

FUpIfY) ~ wlp— )P

if 1 < p < oo. Moreover, a unique extremal function exists if and only if
1<p<oo.
Theorem 1.1.16 on equivalent norms in W} (£2) is due to Sobolev [713, 714].
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The extension procedure described at the beginning of Sect. 1.1.17 was pro-
posed by Hestenes [378] for the space C*({2) (see also Lichtenstein [494]). The
same method was used by Nikolsky [638] and Babich [59] for W}(£2). The fact
that a space-preserving extension for functions in W:(£2) (1 < p < o) onto
R is possible for domains of the class C%! was discovered by Calderén [163].
His proof is based on the integral representation (1.1.8) along with the theo-
rem on the continuity of the singular integral operator in L,. A method that
is appropriate for p = 1 and p = co was given by Stein [724]. The main part of
his proof was based on the extension of functions defined in a neighborhood
of a boundary point. Then, using a partition of unity, he constructed a global
extension. For the simple domain

Q={z=(\2,):2' eR", z, > [},

where f is a function on R" ! satisfying a Lipschitz condition, the extension
of u is defined by

u (2, x,) = /1oou(a:’,xn +A0(z',zn))P(N) A, @, < f(2).

Here § is an infinitely differentiable function, equivalent to the distance to
012. The function 9 is defined and continuous on [1,00), decreases as A — oo
more rapidly than any power of A~!, and satisfies the conditions

/Oow()\)d/\:l, /OO)\kw(/\)dA:O, k=1,2,....
1 1

More information on extension operators acting on Sobolev spaces can be
found in Sect. 1.5.

Theorem 1.1.18 on removable sets for Sobolev functions is due to Vaisald
[771] (see also Reshetnyak [677, Chap. 1, 1.3]). Koskela showed that W, re-
movability of sets lying in a hyperplane depends on their thickness measured
in terms of a so-called p porosity [455].

1.2 Facts from Set Theory and Function Theory

In this section we collect some known facts from set theory and function theory
that will be used later.

1.2.1 Two Theorems on Coverings

The following assertion is a generalization of the classical Besicovitch covering
theorem, see Guzman [332] or DiBenedetto [235] for a proof.

Theorem 1. Let . be a set in R™. With each point x € . we associate
a ball By(z)(x), r(z) > 0, and denote the collection of these balls by B. We
assume that
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Fig. 5.

() the radii of balls in B are totally bounded,

(B) the sequence of radii of any disjoint sequence of balls in B tends to
Z€T0.

Then we can choose a sequence of balls { By} in B such that:

1. 7 clU,, Bm;

2. There exists a number M, depending on the dimension of the space only,
such that every point of R™ belongs to at most M balls in {%Bnm};

3. The balls (1/3) By, are disjoint;

4. Ugens B € U,, 4%m.

Remark 1. Theorem 1 remains valid if balls are replaced by cubes with
edges parallel to coordinate planes. This result is contained in the paper by
Morse [615]. It also follows from [615] that balls and cubes can be replaced
by other bodies. The best value of M was studied by Sullivan [733] as well as
Fiiredi and Loeb [297].

We anticipate another covering theorem by the next auxiliary assertion.

Lemma. Let g be an open subset of R™ with a smooth boundary and let
2my (Br N g) = my(B;). Then

s(B,Ndg) > c,r™ L,

where ¢y, is a positive constant which depends only on n, and s is the (n —1)-
dimensional area.

Proof. Let x and ¥ be the characteristic functions of the sets g N B, and
B,\g. For any vector z # 0 we introduce a projection mapping P, onto the
(n—1)-dimensional subspace orthogonal to z (see Fig. 5). By Fubini’s theorem,
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(1/4)027%" = my (g (1 By) mn(By\g) = // y) dz dy

/n/n (x4 z)dzdz

_/||<2 m,({z:2 € B,Ng,x+ 2 € By\g})dz

Since every interval connecting = € g N B, with (z 4+ z) € B,\g intersects
B, N dg, the last integral does not exceed

27‘/ My _1 [PZ(BT N 8g)] dz < (2r)" ", s(B, N dg).
|z|<2r

The lemma is proved. |

Remark 2. The best value of ¢,, equals the volume of the (n—1)-dimensional
unit ball (cf. Lemma 5.2.1/1 below).

Theorem 2. Let g be a bounded open subset of R™ with smooth boundary.
There exists a covering of g by a sequence of balls with radii 0;, i = 1,2, .

such that
Z Q?_l < ¢s(9g), (1.2.1)
J

where ¢ is a constant which depends only on n.
Proof. Each point = € g is the center of a ball B,(x) for which

mu(By(x)Ng) 1
“ma(B(z)) 2 22

(This ratio is a continuous function of r, which is equal to 1 for small values
of r and converges to zero as r — c0.) Let us put # = {Bs,(;)()}, where
B,(z)(r) satisfies (1.2.2). By Theorem 1 there exists a sequence of disjoint
balls B, (z;) such that

qg C U Bgrj ((EJ)
j=1

(Here we actually use a weaker variant of Theorem 1 (cf. Dunford and
J. Schwartz [244], 111.12.1).)
The Lemma together with (1.2.2) implies

s(By;(z5) N0g) > cnry™ L
Therefore,
s(9g) 2> s(Br,(x;)Ndg) > 3""e, Y (3r;)"
J J

Thus, {Bs;,(7;)} is the required covering. O
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1.2.2 Theorem on Level Sets of a Smooth Function

We recall the Vitali covering theorem (see Dunford and J. Schwartz [244],
I11.12.2).

Let E C R! and let .# be a collection of intervals. We say that .# forms
a covering of E in the sense of Vitali if for each t € F and any € > 0 there
exists an interval i € .# such that ¢ € ¢, m1(i) < e.

Theorem 1. If E' is covered by a collection A of intervals in the sense of
Vitali, then we can select a countable or finite set of intervals {ir} such that

ikNiy = fork 7é l ml(E\Uka) =0.
Consider a function f
N3z — f(x) =t cR.

The set
Ky ={z: Vf(x) =0}

is called critical.
If E C §2 then f(E) is the image of E under the mapping f. If A C R!
then f=1(A) is the pre-image of A in 2. We shall briefly denote f~1(¢) by &.

Theorem 2. Let §2 be an open set in R"™ and f € C*°(§2). Then

Proof. Tt is sufficient to assume that (2 is a bounded set.
1. We introduce the notation

K, ={z:(Vf)(z)=0,...,(V,f)(z) =0}.

First we show that

For any € > 0 and each x € K,, we choose a number r, > 0 such that
B(z,r;) C 2 and
0sc <erl.
B($7Tm)f v

We fix a point ¢ € f(K,,) and consider any point
z(t) € & NK,.
Then we cover t by intervals (¢ — §,¢ + &) with
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The collection of all these intervals forms a covering of f(K,,) in the sense
of Vitali. We choose a countable system of disjoint intervals 41,75, ..., which
covers f(K,) up to a set of linear measure zero.
Let
by = (tm - 5m7 tm + 5m)7

and x,,, € &, N K,. By (1.2.3), § <er} . Hence

7 (im) D B(zm, (G /e)™),

and therefore,
1. 0
ma[f 7 (im)] = vn =
Since the intervals i,, are mutually disjointed, their pre-images have the same

property. Thus,

Db < o D malf 7 (im)] < ma(22),

e, mi[f(Kpn)] < cemy(£2), hence my[f(K,)] = 0.

2. Now we use an induction on n. The theorem holds for n = 1. Assume
it holds for n — 1.

Consider the set K;\K,,. For any € K;\K, there exists a multi-index
a, |a| < n, and an integer ¢ < n such that

(07 a (0%
(D°f)(@) =0, ( 2 f) (2) £0. (1.2.4)
Let H be a set of points for which (1.2.4) holds. This set is obviously defined
by the pairs (a,%). We show that

Without loss of generality we may assume that ¢ = n. With the notation
g = D“f, we have

99

#0 forxe H.
oz,

By the implicit function theorem, for any xy € H there exists a neighborhood
% such that

U Nn{z:gx)=0} C{z:z,=¢(X)},
where X = (z1,...,2,-1) and ¢ is an infinitely differentiable function in some

domain G C R"~!. Since we can select a countable covering from any covering
of H, it is sufficient to prove that
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If x € HN %, then
def

flz) = f(X, (X)) = h(X),
where X € G. Let P denote the projection of H N % onto the plane x,, = 0.
Since Vh =0 for X € P, by the induction hypothesis we have

Taking into account that h(P) = f(H N %), we complete the proof. O

From Theorem 2 and the implicit function theorem we immediately obtain
the following corollary.

Corollary. Let f € C™(02) (f € 2(12)), then for almost all t the sets
& ={z: f(x) =t} are C*°-manifolds (C*-compact manifolds).

1.2.3 Representation of the Lebesgue Integral as a Riemann
Integral along a Halfaxis

Lemma. Let (X,B, 1) be a space with a (nonnegative) o-finite measure and
let u: X — R be a pu-measurable nonnegative function. Then

/X u(@)u(de) = / W) dt = / w(oy) dt, (1.2.5)
where

L ={z e X u(x) >t} My ={z e X :u(z) >t}

Proof. Let x(q,5) denote the characteristic function of the interval (a,b) of
real axis. Writing

U(J?)Z/O X(0,u(=)) (t) dt,

and using Fubini’s theorem on the product space X x (0,00), we obtain

[ woutan = [ at [ xouen@utan) = [ uzar

Thus the first equality (1.2.5) is established. The second equality can be ob-
tained in the same way. The lemma is proved. 0

Remark. We can easily derive a generalization of (1.2.5) for the integral

| ut@ntao).

where p is a charge, u is not necessarily of a definite sign, and

[ ut@) (@) < oc.
X
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1.2.4 Formula for the Integral of Modulus of the Gradient

Here we establish the following assertion (we refer the reader to the beginning
of Sect. 1.1.18 for the definition of Hausdorff measure).

Theorem. Let ¢ be a Borel measurable nonnegative function on §2 and
let u € C%Y(£2), where £2 is an open subset of R™. Then

[ @ vu@ar= ["a | (o) ds o), (1.2.6)

where s is the (n — 1)-dimensional Hausdorff measure, & = {x € 2 :
u(@)| = t}.

We shall derive (1.2.6) in the following weaker formulation, which will be
used in this chapter.

IfoeC(2), >0, and u € C*(S2), then (1.2.6) holds.

(Here we may assume s to be the (n — 1)-dimensional Lebesgue measure,
since by Corollary 1.2.2 the sets & are smooth manifolds.)

Proof. Let w be an n-tuple vector function in 2({2). Using integration by
parts and applying Lemma 1.2.3, we obtain

/qudx:—/ udivwdx
Q Q
[e%s) 0
—/ dt/ divwdx+/ dt/ divw dz.
0 u>t —o00 u<t

Since u € C'*°(£2), the sets {z : u(z) = t} are infinitely differentiable manifolds
for almost all t. Therefore for almost all ¢ > 0,

/ divwdm:—/ wuds:—/ w—vuds,
u>t u=t u=t |vu|

where v(z) is the normal to {z : u(x) = t} directed into the set {x : u(z) > t}.

The integral
/ divw dz,
u<t

must be treated analogously. Consequently,
/ wVudz —/ dt/ WVu
& |VU|

Vu
p— v
(IVul? 4 ¢)1/2’

where @ € Z(2) and ¢ is a positive number, we obtain

Setting

W =
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/Q@((Vz;viam / dt/gt V\VVVJ\L

Passing to the limit as € | 0 and making use of Beppo Levi’s monotone
convergence theorem, we obtain (1.2.6) for all & € 2(12).

Let & € C(£2), supp® C 2 and let #,P be a mollification of ¢ with
radius h. Since supp #;,® C (2 for small values of h, we have

/ (A P)(Vu)de = / dt | ApPds. (1.2.7)
o 0 &
Obviously, there exists a constant C' = C'(®) such that

MpPds < C’/ ads, (1.2.8)

&y &t

where a € 2(12), « = 1 on |, supp 4P, o > 0. By (1.2.6), applied to
& = «, the integral on the right-hand side of (1.2.8) is an integrable function

n (0,400). Since 4P — P uniformly and since s(&; Nsuppa) < oo for
almost all ¢, then also

M dds 1= | dds

&, &,

for almost all t. Now, Lebesgue’s theorem ensures the possibility of passing to
the limit as A — 0 in (1.2.7).

Further, we remove the restriction supp® C 2. Let & € C(£2), & > 0
and let «a,, be a sequence of nonnegative functions in Z({2) such that
U, suppay, = 2,0 < a,, < 1 and ap(x) = 1 for o € supp ay,—1. Then
supp(am,®) C §2 and

/am@|Vu\dx:/ dt/ @ ds.
0 0 &

Since the sequence «a,,, @ does not decrease, we may pass to the limit as m — oo
by Beppo Levi’s theorem (see Natanson [627]). This completes the proof. O

1.2.5 Comments to Sect. 1.2

In Sect. 1.2 we collected auxiliary material most of which will be used in this
chapter.

Theorem 1.2.1/1 is due to Besicovitch in the two-dimensional case for
disks [86]. Morse generalized this result to more general spaces and shapes
[616]. Theorem 1.2.1/2 is due to Gustin [331]. Here we presented a simple
proof of Theorem 1.2.1/2 given by Federer [270]. Theorem 1.2.2/2 was proved
by Morse [614] for functions in C™. Here we followed the proof presented in the
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book by Landis [475] Chap. II, §2. Whitney showed in [795] that there exist
functions f € C"~1 for which Theorem 1.2.2/2 fails.

Lemma 1.2.3 is contained in the paper by Faddeev [266]. The equal-
ity (1.2.6) was established by Kronrod [466] in the two-dimensional case
for asymptotically differentiable functions. Federer proved a generalization
of Theorem 1.2.4 for Lipschitz mappings R™ — R™, in [269]. This result,
frequently called the coarea formula, is the identity

/Qé(x)|Jmf(x)| de = /m /f—l(y) &(x) dH,— () dy,

where 2 C R™ is an open set, f : 2 — R™ is Lipschitz, & is integrable
: 2 = R, Jp,f is its m-dimensional Jacobian, so that |J,,f| is the square
root of the sum of the squares of the determinants of the m x m minors
of the differential of f, and 1 < m < n. Maly, Swanson, and Ziemer [514]
generalized the co-area formula to the case f € [W, (£2,loc)]™ with p >m > 1
or p > m = 1. Refinements and consequences of this result concerning the
space Wi can be found in the paper by Swanson [735].

In the form of an inequality with an appropriate definition of the modulus
of the gradient of a function, Theorem 1.2.4 may be extended to abstract
metric spaces, cf. Bobkov and Houdré [116, 117].

1.3 Some Inequalities for Functions of One Variable

1.3.1 Basic Facts on Hardy-type Inequalities

Most of this section is concerned with variants and extensions of the following
Hardy inequality (cf. Hardy, Littlewood, and Pélya [351], Sect. 9.9).
If f(x) >0, then

/OOO 7 "F(z)Pdx < (T f 1|>P/Ooo o (af (@) da, (1.3.1)

where p > 1, r # 1 and

F(az):/xf(t)dt for r > 1,
0
F(sc)z/oof(t)dt for r < 1.

In this section we make some remarks concerning (1.3.1) and related in-
equalities.

(i) First of all, (1.3.1) fails if » = 1 for each of the above definitions of F'.
One can see it by choosing either f or 1 — f as the characteristic function of
the interval [0, 1].
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(ii) The constant factor in front of the integral on the right-hand side of
(1.3.1) is sharp. Let, for example, r > 1, and let

/ x| F|Pdr < C/ 7P| fIP dx (1.3.2)
0 0

hold. We take

0 for x > 1,
T) = r—p—
fe(@) {J; = forx > 1,

where ¢ is a positive sufficiently small number. Then

z 0 for x < 1,
@ = | fg(t)dt:{ L ey

=1 for z > 1.

14

‘We have

o] p o] . d
/ o R de = (— 2 / (1- a5 ey 92
0 r—1—pe 1 xltpe

Since (1 — xl_TT“)p =1+ O(xl_TT“) for > 1, the last integral is equal to

/100 A 00) = (pe) + 0(1).

$1+p€

The right-hand side of (1.3.2) is

/ 2" P|f|P dx = / x7 P dr = (pe) L.
0 1

Hence (1.3.2) becomes

T (e +O0) 2009

which implies

= (r—1)p

The case r < 1 is quite similar.
(iii) A multidimensional variant of Hardy’s inequality is

/Rm|“(y)|p|y|fsdy = ( - )p/RmWU(y)\pyl“ dy, (1.3.3)

|s —m]|

where u € C§°(R™) and s # m. In the case s > m we require u(0) = 0. This
inequality follows from the one-dimensional inequality (1.3.3) written as

[e7e] p p [e’e]
|U(7")| dr S p ’,U/(T)|ZDTm+pfsfl dT,
o 7ol ls—ml|/) Jo




42 1 Basic Properties of Sobolev Spaces

if one passes to spherical coordinates r = |z|, w = z/r and remarks that
91| < |Vul|. One should use, of course, that

/ -~-dx:/ dsw/ crmT gy
m Sm—l 0

The constant in (1.3.3) is sharp, which can be shown by radial functions.
(iv) A more general Hardy’s inequality

p —s p P D g
Lo wPbiass () [ wue) e as

where u € C°(R™"), 2 = (x,y), z € R", y € R™, s # m, and additionally
u(z,0) =0 for all x € R™ if s > m, is obtained by integration of (1.3.3), with
u(z) instead of u(y), over R™.

(v) Finally, a few words about the critical value s = m excluded in (1.3.3).
The one-dimensional inequality holds

/100 tﬁf?l; = (%)p/ﬁ Ju' (D)7~ dt, (1.3.4)

where u(1) =0 and p > 1. In fact, by introducing the new variable x = log t,
we rewrite (1.3.4) as the Hardy inequality

/Ooo %dx < (pfl)p/ooo @ ()| da

with 4(z) = u(e®).
As a consequence of (1.3.4) we obtain

lu(z)P dz < D )p/ —_—
< Vu(z P=m dqy
Lo g = G27) Lo [Te@ T

for all u € C§°(R™*™) such that u(z) = 0 for |y| < 1.

1.3.2 Two-weight Extensions of Hardy’s Type Inequality in the
Case p <gq

Theorem 1. Let i and v be nonnegative Borel measures on (0,00) and let
v* be the absolutely continuous part of v. The inequality

[ o

holds for all Borel functions f and 1 < p < q < oo if and only if

B = sup[p([r, 0))]"* U;( du*>1/(pl) d:v] o <oo.  (1.3.6)

>0 dx

1/p

qd,u(x)] o < CUOm]f(x)V’ dl/(x)] , (1.3.5)
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Moreover, if C is the best constant in (1.3.5), then
q (p=1)/p

If p=1 orq= o0, then B=C.
In the case ¢ = oo the condition (1.3.6) means that

B =sup{r > 0: u([r,00)) > 0} < oo,
and % > 0 for almost all x € [0, B].

We begin with the proof of the following less general theorem on absolutely
continuous measures p and v.

Theorem 2. Let 1 < p < q < co. In order that there exists a constant C,
independent of f, such that

[t [ s a

it is necessary and sufficient that

LS 1/q r , 1/p'
B:= sup(/ |w(m)|qu) </ lv(z)] ™" dx) < 00, (1.3.9)
r>0 r 0

where p' = p/(p — 1). Moreover, if C is the best constant in (1.3.8) and B is
defined by (1.3.9), then (1.3.7) holds. If p=1 or p = co, then B =C.

qu} v < C{/Ooo|v(x)f(x)|pdz] W, (1.3.8)

Proof. The case 1 < p < ¢ < co. Necessity. If f > 0 and supp f C [0,r],
then from (1.3.8) it follows that

([ worra)” [ <o [lumopar)

/ |v(x)|7p/(p71) dz < 0.
0

Let

We set f(z) = |v(z)| 77 for < r and f(x) = 0 for & > r. Then

[/Tw|w(x)!qu} v [/Or|v(m)yp' dx] v <cC. (1.3.10)

T’UJ) 7p/dx=oo7
| 1@

then we arrive at the same result, replacing v(z) by v(z) + esgno(z) with
e > 01in (1.3.8) and passing to the limit as ¢ — 0.

If
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T o 1/qp’
_ (/ o(t)] ™ dt) .
0
By Holder’s inequality,

(/Ooo‘w(x) /Zf(t) at qu>m
AL ([isenors)”

a/v’ r/q
(/ |h(t)v(t)| " dt> d:c} . (1.3.11)
Now we prove that

“ow ([ twan) ) < [T [ ewa)
0 0 0 Y

(1.3.12)
provided that ¢ > 0, f > 0 and r > 1. In fact, the left-hand side in (1.3.12)

is equal to 1
([ e sy )dy>,«dm> "

where X[y, o) is the characteristic function of the halfaxis [y, c0). By Minkows-
ki’s inequality the last expression does not exceed

/OOC </000 [Sp(m)l/rf(y)X[y,oo)(x)]rdx> v dy
- [ro([ o) ay

By (1.3.12), the right-hand side in (1.3.11) is majorized by

[ 1ramwsor ([l ([ e ) " dx)p/q .

(1.3.13)

Sufficiency. We put

Using here the expression for h, we rewrite the integral in z as

[Twer ([ ror (e a) dy)q/p/ do. (13.14)

Since
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(1.3.14) is equal to

()" /too|w(x)|q</0z|v(y)]p, dy)q/(p’f/) dz.

By the definition of B this expression is majorized by

599 (" [t [ ol a ) M
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= B(q")4/" qh(t)71. (1.3.15)

Therefore, (1.3.11) has the following majorant
/ |f(t)v(t)h(t)|p(Bq(q/)q/p’qh(t),q)p/q di
0
:BQ(ql)p/p’qp/q/ |U(t)f(t)|pdt,
0

Hence, (1.3.8) holds with the constant B(q')®~1)/Pql/a.
Now we consider the limit cases.
If p = 0o then ¢ = 0o and (1.3.8) follows from the obvious estimate

ess sup w(x)/ f(®) dt‘
0<z<oo 0
Sesssup|w(x)|/x di esssup|v(t) f(t)].
0<zr<oo 0 Iv(t” 0<t<z

If p=1, ¢ < 00, then from (1.3.12) it follows that

(/Ooo‘w(x) /Oxf(t) dt qu)l/q

< /0°0|f<t>1</t°°|w<x>|"dz)1/q|v(1t)|\v<t>|dt
< B/Ooo|v(t)f(t)|dt.

Let ¢ = 0o, p = 1. Then
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ess sup
0<zr<oo

< esssup (o) esssup o [ oty o] ar)

O0<x<oo o<t<z

w(x) /OI f(@) dt’

< B/ [o(t) f(t)] dt.
0
If p > 1, then

ess sup

638 sup w(zT) /Ox f(@) dt‘
< esssup Dw(m (/O$|v(t)|_p/ dt) v (/[)w|v(t)f(t)|pdt> 1/1
/p

< B(/OI|v(t)f(t)|1”dt)1

This completes the proof of Theorem 2. |

Proof of Theorem 1. Setting f = 0 on the support of the singular part of
the measure v, we obtain that (1.3.5) is the equivalent to

[/OOQ / o qd“(””)} Vec [ / @) dx] "

The estimate B < C' can be derived in the same way as in the proof of
Theorem 2, if |v(x)|P is replaced by dv*/dz and

/Oo’w(x)‘qu
by p([r, 00)).

Now we establish the upper bound for C'. We may assume f > 0. Let
{gn} be a sequence of decreasing absolutely continuous functions on [0, c0)
satisfying

0 < gn(x) < gn+1(x) < /,L([.Z‘, OO)))
lim g, (z) = ,u([a:,oo)),

n—oo

for almost all z. We have

[/OOO (/Ow () dt>q du(x)] e Uooo ERS) d(/ow f(t) dt) q] "
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By the monotone convergence theorem the right-hand side is equal to

sop "o [ sar) | "
= sup [/ODO (/OT f(t) dt)q[—g;(m)] dx] 1/q. (1.3.16)

The definition of the constant B and the sequence {g,} imply

[ o] ([ (%) o] "<

From this and Theorem 2 we conclude that the right-hand side in (1.3.16) is
not greater than

o] * 1/p
B(q')“"_l)”"ql/"(/0 (f(an))pellyjj dm) :

which completes the proof. O

1

Replacing = by 7 we derive the following assertion from Theorem 1.

Theorem 3. Let 1 < p < g < oo. In order that there exist a constant C,
independent of f and such that
1/p

[/O"" /:’ fie) qd“(x)] R C[/Ooo\f(wﬂpdl/(x)] . (13.17)

it is necessary and sufficient that the value

0 7 qp*\ V@D (p—1)/p
B := sup[p(((),r))]l/q {/ ( dyx ) dz] ,

r>0

be finite. The best constant in (1.3.17) satisfies the same inequalities as in
Theorem 1.

Analogously, by the change of variable

(0,00) 22 wy=x—a !

€ (—o0, +00),
from Theorem 1 we obtain the next assertion.

Theorem 4. Let 1 < p < q < oo. In order that there exist a constant C,
independent of f and such that

JIARCE

it is necessary and sufficient that

oo x\ —1/(p—1) (r=1)/p
B:=  sup [p((—oo,r))]l/q [/ (%) dm] < 00.

re(—oo,+00)

qd,u(ac)] v < O[/Jroo\f(x)]”du(x)} Up, (1.3.18)

—0o0

Constants B and C are related in the same way as in Theorem 1.
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1.3.3 Two-Weight Extensions of Hardy’s Inequality in the Case
P>4q

Lemma. Let 1 < g < p < o0 and let w be a nonnegative Borel function on
(0,b), where b € (0,00]. In order that there exist a constant C, independent

of ¥ and such that
q 1/q b 1/p
dt> < C</ |¢(t)|”dt> , (1.3.19)
0

(/Obw@) /Otwde

it is necessary and sufficient that

b b p/(p—q) (r—q)/pq
B .= </ (/ w(T)dT) t(q—”p/(?—q)dt) <oo.  (1.3.20)
0 t

If C is the best constant in (1.3.19), then

(a—1)/q (a—1)/q
p—a ¢/1B<C< _pr q"/'B
p—1 - T \p—1

forg>1and B=C forq=1.

Proof. Sufficiency. First consider the case ¢ > 1. We may assume
¥(t) > 0. Integrating by parts on the left-hand side of (1.3.19) and using
Holder’s inequality with exponents p/(p — q), p/(q¢ — 1), and p, we obtain

(ol
ey (/Ob /tbw(r) dru(t) (/Ot () dT) "~ dt)l/q
(o) ([ o))
X </Obt(q1>1’/<l’q) (/tbw(T) dT)p/(pq)dt> (pq)/,,} Uq. (1.3.21)

From (1.3.20) and Hardy’s inequality (1.3.2), it follows that (1.3.21) is ma-

jorized by
» (¢—1)/q b 1/p
o) ([ o)
p—1 0

Necessity. Consider, for example, the case b = co. The proof is similar for
b < oo. If (1.3.19) holds for the weight w with the constant C, then it holds
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for the weight w, = wx|o,n], Where x|o,n] is the characteristic function of the
segment [0, N], with the same constant. We put

oo 1/(p—q)
fn(@) = (/ wn (t) dt) g4/ (p=a)

00 o p/(p—q) (p—q)/p
By = (/ (/ wn (T) dT) tla=Vp/(p=a) dt> .
0 t

From (1.3.19) we have

oo 1/p
CBY Y = 0( / () dx)
0

> (/OOO wn(t) (/Ot Fa(7) d7>th>l/q. (1.3.22)

Integrating by parts, we find that the right-hand side in (1.3.22) is equal to

(q /OOO In(@) /too wy(T)dr (/Ot (1) dT) qldt>1/q. (1.3.23)

(/Ot In(7) dT> "
= ( /0 t 2@=1/ (=) ( /m - o (7) dT)l/@—q) dx>q_1

o (¢—1)/(p—a) 1\ ¢
> (/ wn (1) d7> (=D (e=1)/(p—9) (p ) ’
-\ p—q

we see that (1.3.23) is not less than

p—1 (1-q)/q ) oo p/(p—q) 1/q
ql/q< > < / ( / o (7) dT) Ha=1)p/(p—a) dt)
p—q 0 t

1—

— gl/a <p;1>( q)/qu/(p—q)

q N .
p—q

Since

Therefore,
_ o\ (1-a)/q
By < ¢ Y1 (u) C,
p—1
and the same estimate is valid for B.
In the case ¢ = 1 the condition (1.3.6) becomes especially simple:

B- (/Ob</tbw(7')d7'>pl dt)w < .
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To prove that in this case C' < B we integrate by parts on the left-hand side
of (1.3.19) and apply Holder’s inequality with exponents p and p’ (cf. (1.3.21)).
Then the right-hand side of (1.3.19) has the upper bound

(/Ob(/toc olr) dT)p’ dt)l/p’ (/ObW(mpdt)l/p_

Thus, we proved that C' < B.
To derive the inequality B < C' we substitute

pta) = ([Tt dt)l/(pl),

into (1.3.23). This yields By < C and hence B < C'. The lemma is proved.[
Theorem 1. Let 1 < g < p < oco. Then (1.3.8) holds if and only if

(Am{<émWS§W>T{Lﬁhﬂwfd4PMF®;g§p)@ﬂvm<iw.

(1.3.24)
If C is the best constant in (1.3.8) and B stands for the left-hand side of
(1.3.24), then

(a—1)/q (a—1)/q
p—4a ¢/1B<C< _pr q"/'B
p—1 - T \p—1

forl<g<p<ocoand B=C forq=1,1<p< 0.

Proof. We may assume that f > 0, since the right-hand side in (1.3.8) does
not change and the left-hand side increases if f is replaced by |f|. We may as
well assume f(x) = 0 for sufficiently large values of x. Let us put

bz) = / o) dy.

Then (1.3.8) becomes

where w(t(z)) = w(z), 09(t(z)) = v(x),

o(t()) = / Cfw)dy, b= / o)™ dy.

Now, in the case 1 < g < p < oo the result follows from the Lemma.
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Let p = co. Then

p= ([ ([ Qiin)q_l Lm’w(y)’qdy'iﬁiny/q
(@ (f ) #)

([ ot [ s

To prove the necessity we note that v does not vanish on the set of positive
measure and put f = 1/v. The theorem is proved. O

Hence

q 1/q
dx) < Bq*%esssup |vf].
0<z<oo

The following more general assertion can be derived from Theorem 1 in
the same way as Theorem 1.3.2/1 was derived from Theorem 1.3.2/2.

Theorem 2. Let p and v be nonnegative Borel measures on (0,00) and
let v* be the absolutely continuous part of v. Inequality (1.3.8) with 1 < ¢ <
p < oo holds for all Borel functions f if and only if

o ([T ([ () ) T () )

< Q.

The best constant C in (1.3.17) is related with B in the same manner as
in Theorem 1.

The change of variable (0,00) 2 2 — y =z — 27! € (—o0, +00) leads to

the following necessary and sufficient condition for the validity of (1.3.18):

s ([ () ) T ) e

where 1 < ¢ < p < 0.

1.3.4 Hardy-Type Inequalities with Indefinite Weights

Here we are concerned with inequalities similar to those in Sect. 1.3 with
weights of unrestricted sign. We start with the estimate

/ u(z)v(z)Q(x) dz| < constl|||L, @)1V [z, &) (1.3.25)
Ry

for all u,v € C§°(Ry).
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Let us assume that @ is a locally integrable real- or complex-valued func-
tion such that

lim /abQ(x)dx:/aooQ(x)dx (1.3.26)

b——+o00

exists for every a > 0.

Theorem 1. Under the above assumptions on @, let
I'(x) :/ Q(t)dt, z>0.
Let 1 < p < o0, and p* = max(p,p’). Then (1.3.25) is valid if and only if

sup a”**l/ I1()]" dz < . (1.3.27)
a>0 a

It is not difficult to see that (1.3.27) is equivalent to the pair of conditions

supa”_l/ ‘F(m)‘pdx < o0, supap/_l/ ‘F(m)‘p de < co. (1.3.28)
a>0 a a>0 a

Proof. For u,v € C§°(R4.), let

(Qu.v) = / " Qa)u(z)o(@) dz.

We can extend (Qu,v) by continuity to the case where

= ’ dt, = ’ dr,
ulz) / fyd, o) / g(r) dr
for f,g € C§°(R4), by setting

(Qu,v) = lim Q(x)u(z)v(x) dz.

a—-+0o0 0

To show that the limit on the right-hand side exists, assume that both f and
g are supported in (§,b) C R;. Then clearly,

agrfoo /Oa Q(z)u(z)v(z)dz = /;) Q(x) </; f(t)de /;de> dz
+/me(x)dx/§bf(t)dt/5bﬁdr.

Observe that we have to be careful here: In what follows one cannot esti-
mate the two terms on the right-hand side of the preceding equation separately
because this would lead to the restriction
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/boo Q(z)dx

which is not necessary for the boundedness of the bilinear form.
Using Fubini’s theorem, we obtain

(Qu,v) = //f /max(tT)Q(gc)dxdth

—|—/ Q(z)dx bf(t)dt/:mdr

/ / £(1) /m ICCLE

I'(max{t,}) /
max(t, 'r)

Thus, (1.3.25) is equivalent to the inequality

‘/ / f()g(T)I" (max{t,7}) dtdr

< const||f||Lp (R, ||g||Lp,(R+) (1.3.29)

supb
b>0

< 00,

By definition

for compactly supported f, g.
Using the reverse Holder inequality, the preceding estimate can be rewrit-
ten in the equivalent form

J
Clearly,

/Ooor(max{t T}) f(t /f dt+/ fOrE)de.  (1.3.31)

Suppose now that (1.3.27), or equivalently, both inequalities in (1.3.28)
hold. Then the estimate involving the first term in (1.3.31) is established by
means of the weighted Hardy inequality

(o)
J
which holds if and only if the first part of condition (1.3.28) is valid (see
Theorem 1.3.2/1).

The second term in (1.3.31) is estimated by using a similar weighted Hardy
inequality

/OOO I'(max{t, 7}) f(t)dt ’

dr < cllfII7, &, ) (1.3.30)

/0 f(t) dt‘ [D(D)[" dr < CIfIG g,y (1.3.32)
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/ h / T rorea

which, by Theorem 1.3.2/3, is equivalent to the second part of condition
(1.3.28). This proves the “if” part of the theorem.

To prove the “only if” part, it suffices to assume that f(x) in (1.3.30) is
supported on an interval [, a], a > 0, and restrict the domain of integration
in 7 on the left-hand side of (1.3.30) to 7 € (a, +00). Taking into account that
the second term in (1.3.31) vanishes, we get

/am‘/éaf(max{tﬁ})f(t) dt

=‘/:f(t)dtp N

|T(7)["dr < CIAIL, @)
Applying the reverse Holder inequality again, we obtain the first part of
(1.3.28)

p
dr < | /]l

p
LP(R+),

p
dr

a

ap_l/ ‘F(T)’pdTSO.

Since (1.3.30) is symmetric, a dual estimate in the L, norm yields the
second part of (1.3.28)

aplfl/ |F(7’)|pl dr < C.

Hence (1.3.27) holds. O

Remark 1. Notice that a similar argument works with minor changes if the
integration (1.3.25) is performed against real- or complex-valued measure dQ
in the place of Q(z)dx. However, the general case where @ is a distribution
requires taking care of some technical problems which are considered in detail
by the author and Verbitsky in [592], Sect. 2.

Remark 2. For any p € (1,00), a simple condition

sup a|I'(a)| < oo, (1.3.33)
a>0

is sufficient, but generally not necessary for (1.3.25) to hold. However, for
nonnegative (), condition (1.3.33) is equivalent to (1.3.27).

Theorem 1 is easily carried over to the two-weight setting.
Theorem 2. Let Wi, Wy > 0 be locally integrable weight functions on R4

such that, respectively,

/ Wi (z) " dz < 400 and / Wa(z)' P dx < 400
0 0
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for every a > 0. Then the two-weight bilinear inequality

1/p

/000 u(z)v(x)Q(z) dz

< const ( /O (@) [PWA () dx)

y ( /0 "o (@) Wala) dm)l/p/ (1.3.34)

holds for all u,v € C§°(Ry) if and only if the following pair of conditions
hold:

a>0

sup (/Oa Wl(;v)lfp/ d:v)p1 /aoou"(m)’pWQ(x)lp dz < o0 (1.3.35)

and

sup (/Oa Wo(z)t=P dar)p/l /aoo|F(ac)|p/W1(x)1p dz < oo, (1.3.36)

a>0
where I'(z) = [7°Q(t) dt.

For functions defined on the interval (0,1), Theorem 2 can be recast in a
similar way.

Theorem 3. The inequality

/ u(z)v(z)Q(z) dz
0

< const”u'(m)HLp(O’l) Hv’(x)HLp,(O’l) (1.3.37)

holds for all u,v € C*>(0,1) such that u(0) = 0,v(0) = 0 if and only if Q can
be represented in the form Q = I'', where

1 *
supap71/ |F(x)|p dz < o (1.3.38)
0

a>0

as a — 0F. The corresponding compactness criterion holds with the preceding
condition replaced by

1 *
limsupap*_l/ |F(x)’p dz =0.
0

a—0t

For functions with zero boundary values at both endpoints, one only has
to add similar conditions at a = 1.

We now state the analog of Theorem 1 on the whole line R for the Sobolev
space W, (R) which consists of absolutely continuous functions v : R — C
such that
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1/p

l[ullwz®) = [/R(\U(xﬂp + o' (2)]") dz| < o
Theorem 4. Let 1 < p < oo, and p* = max(p,p’). The inequality

/ u(z)v(z)Q(z) dz
R

< const [|ullw @ [[v]lws, @) (1.3.39)

holds for all u,v € C§°(R), if and only if Q can be represented in the form
Q =TI"+ Iy, where I' and Iy satisfy the following conditions:

a+1 N a+1
sup/ ’I“(x)|p dz < oo, sup/ ‘FO(:C)| dz < 0. (1.3.40)
a>0.Jo a>0Jo

The proofs of Theorems 3 and 4 are similar to the proof of Theorem 1.

The usual approach to inequality (1.3.25), in the case where @ is real
valued, is to represent it in the form @ = Q4+ — Q_, where Q1 and @Q_
are, respectively, the positive and negative parts of @), and then treat them
separately. However, this procedure ignores a possible cancellation between
@+ and @_ and diminishes the class of admissible potentials Q.

The following examples demonstrate the difference between sharp results
which follow from Theorem 1, and the usual approach where @4 and @_ are
treated separately.

Ezxzample 1. Let

Then

+oo .+
sint CcosST 1
F(m):[c t1+5dtzm+o<x2+f) as x — +o0.

As x — 0+, clearly, I'(z) = O(1) for e < 1, I'(z) = O(logz) for e = 1, and
I'(z) = O(z'~°) for € > 1. From this it is easy to see that (1.3.27) is valid if and
only if 0 < € < 2, and hence by Theorem 1, £ : ]_C'J;(RQ — L' (R4) is bounded
for 1 < p < co. Moreover, the multiplication operator @ : i},(R.Q — L' (Ry)
is compact if and only if 0 < e < 2.

Note that the same Theorem 1 applied separately to Q4 and Q)_ gives a
satisfactory result only for 1 < e < 2.

In the next example, @ is a charge on R;, and the condition imposed on
@ depends explicitly on p.

Ezample 2. Let
Q=> ¢(6; —641),
=1
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where J, is a unit point mass at x = a. Then clearly

= exgin(@)
j=1
It follows that (1.3.25) holds if and only if

oo
supnf ! g le; P < oo
n>1 v,

j=n

In particular, for 1 < r < 2,let ¢; = j7YTif j = 2™ and c¢; = 0 otherwise.

Then L : E}D(RJF) — L' (Ry) if and only if » < p < r/(r — 1). Note that in
this example condition (1.3.27) fails for all r > 1.

1.3.5 Three Inequalities for Functions on (0, co)

Lemma 1. If f is a nonnegative nonincreasing function on (0,00) and p > 1,

" /0 @) () < ( /O " @) dx)p. (1.3.41)
Proof. Obviously,

p [ o) p/ Uf } f(w) da

The result follows.

Lemma 2. If f(z) > 0, then

[/Ooo fo) dx] apFbx
A

< c(a,b, \, p) [/00 z 1A f ()0 dx] ' [/00 2P de|
0 0

(1.3.42)

wherea>1,b>1,0<A<a, 0<pu<b.
Proof. Obviously,

- o dz
N (a—1-X)/a
/o f(z)dr = /0 v f(x)x(“‘l_k)/“(l + )
0o dz
(b=14p)/b
T /O x f(z)x(b—uu)/b(l +az 1)’
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By Holder’s inequality

pa—1-3)/ dx 1o He
[ s <1 ([T e )

R dx 1/b
/0 2 1+u)/bf( ) SR D) S M(/ 20— 1+uf( ) dac) ,

where
S dz (a=1)/a
o ale=1=2/(a=1)(1 4 g)a/(a=1) ’

oo dr (b-1)/b
(/o x(b71+u)/(b71)(1 + xl)b/(b1)> ’
Hence

oo %) 1/a 00 1/b
z)dz 21 (1) de 21 f () de .
[Tr@as<i( ] flaan) var( [ fla) s )

Replacing f(x) by f(z/0), where ¢ > 0, and setting z = gz, we obtain

0o 0o 1/a
o f<z/g>dz§Lg<A—a>/a(/O za-l—kf(z/madz)

oo 1/b
+ Mo~ (ntb)/b (/ sz“f(z/Q)bdz) .
0

Thus for all measurable nonnegative functions on (0, c0) and for any ¢ > 0,

o oo 1/a
[ ez < o [Tt as)
0 0
oo 1/b
+ Mg—lt/b (/ zb+"_1<p(z)b dz) )
0

Taking the minimum of the right-hand side over g, we obtain (1.3.42). O

L

M

Lemma 3. If f is a nonnegative nonincreasing function on (0,00) and
p>1, then

—1)p-1
% sgpé 2P f(x) < 51;13 P! / f(@) (1.3.43)

The characteristic function of the interval (0,1) turns (1.3.43) into an equal-
ity.

Proof. Let ¢ be an arbitrary positive number. Since f does not increase,
we have
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P cp/(p—1)
(ﬁ ) f <pplc> =t AR CL
pP 1
< e [T

Setting x = L7 ¢, we arrive at (1.3.43).
If f is equal to unity for 0 < z < 1 and to zero for x > 1, then

supxpfl/ ft)dt = sup 2?71 —z)

0<x<1
p—1)P71 p—1)P~1
= ( p) = ( p) sup 2? f(z).
p p x>0
The lemma is proved. O

Remark. If f is an arbitrary nonnegative measurable function on (0, c0),
then the inequality, opposite to (1.3.43), holds:

o0
supxp_l/ f)dt <
x x

the equality being attained for f(z) = 27P.
In fact,

i 7 Sup P f(x), (1.3.44)

1.3.6 Estimates for Differentiable Nonnegative Functions of One
Variable

Let w be a strictly increasing continuous function on [0, c0) such that w(0) =0
and w(z) — 0o as z — 0o. By w™! we mean the inverse of w. We introduce
the functions

o @)~ oty
T, (v;x) yse[lé () (1.3.45)

and

(o2 — sup [PEET) —v(@)]
LW )_§>IS w(T) '

Lemma. Let f be an absolutely continuous nonnegative function on R and
let

P(t) = /0 w(y) dy. (1.3.46)

Then for almost all x € suppf
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()] < T(S"; ‘(ﬂ), 1.3.47
where ¥~ is the inverse of 1 and the sign + or — is taken if f'(x) < 0 or
f'(z) >0, respectively.

Proof. Tt suffices to consider the case f’(x) < 0. Let 2 € R be fixed. For
any t > 0 we have

flx+1t)= f(x)+/0 fl(x+7)dr

:f(x)+f’(x)t+/0 f'(z —:’()T)— f’(m)w<7_)d7__

Since f is nonnegative it follows that

0< f(z)— |f’(m)‘t+T:(f';x)/0 w(r)dr. (1.3.48)

The right-hand side attains its minimal value at

_ ot @l
w= (i)
Therefore by (1.3.48)

0< £ - |l (L) o) [ (7t Yty ar

T3 (f'sx) T3 (f'sx)
o)
— 1@ - [ s deo),
0
which is equivalent to (1.3.47). O

Theorem. Let f be an absolutely continuous nonnegative function on R.
Then for all x € supp f

£ < T (15, (1.3.49)

where 1~ is the inverse of (1.3.46). This inequality with x = 0 becomes an
equality for the function

flz)=v(1)—x+ /;w(r) dr. (1.3.50)

Proof. The estimate (1.3.49) follows from (1.3.47) if we notice that
T*(v;z) < T,,(v;x) and that the function
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1 t
t—>¥/ wiy)dy, t>0, (1.3.51)
0

is increasing.

To show the sharpness of inequality (1.3.49) we first notice that
T.(f’;0) = 1. Further, the left-hand side of (1.3.49) is |f’(0)] = 1 and its
right-hand side is

VTHA(0) =97 (v(D) = 1.
Thus, the equality sign is attained in (1.3.49) with = = 0 for f defined by
(1.3.50). The proof is complete. O

For the particular case w(t) = t* we immediately have:

Corollary. Let f be a differentiable nonnegative function on R. Then for
allz € R and a > 0

a+1 a—+1 @ a ! xT) — !
| ()] < ( ) (f(x))" sup M (1.3.52)
« y€ER |:17 - yl
The inequality (1.3.52) with x = 0 becomes an equality for the function
ot 4o

Remark 1. We introduce the seminorm
<v>w = sup |’U(.’E) B ’U(y)| )
zyer w(z —y|)

Since T, (f"; ) < (f')w, it follows from the above Theorem that

o fl=

|F'(@)| < (f)p 1( (, Ay (1.3.54)
(")

If w is concave then this inequality with = 0 becomes an equality for the

function (1.3.50). In fact, it suffices to show that (f'), = 1. In view of the

concavity of w

= sup ) W) @) —e)

ayer Wz —yl)  a>y wl@—y) T
On the other hand, the last ratio equals 1 for y = 0.

For the particular case w(z) = 2%, « € (0, 1], this gives a rougher variant
of (1.3.52)

|f/(93)’a+1§ <a+1> (f(x))a sup ‘f’(l’)—f’(yﬂ’ (1'3.55)

(% x,y€ER ‘J} - y|a
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where the constant factor is still sharp since (1.3.55) with z = 0 becomes an
equality for the function (1.3.53).

Remark 2. Taking a = 1 in (1.3.55) we immediately arrive at the classical
inequality
7@ < 2f () sup| . (1.3.56)
We can easily improve (1.3.56) using (1.3.52) and the right and left maximal
functions defined by

1 T+T
Mepla) =sw = [ Jo(w)] v (1.3.57)
0T Jg
1 x
M_p(x) = sup — / le(y)| dy. (1.3.58)
>0T Jp—r

Clearly,
T_1|f/(.7j +7)— f’(x)| < MyfM(x), T>0.

Hence by (1.3.52) with a = 1 we have the estimate
2
[ (@)]" < 2f (@) (M= f")(2), (1.3.59)
where the sign 4+ or — is taken if f'(z) < 0 or f'(x) > 0, respectively. By
Corollary the constant 2 in (1.3.59) is the best.
1.3.7 Comments to Sect. 1.3

Concerning Sect. 1.3.1 we mention the following partial generalization of
(1.3.1) with a sharp constant where the role of F is played by the Riemann—
Liouville integrals of any positive order {:

Fi(z) = ﬁ /Oa;(x — ) f() dt (1.3.60)
" File) = —— [ (=21 ) at 1.3.61
)= 7 [ =20 (1.3.61)

where f € L1(Ry,loc) and f > 0.

Theorem. (Section 329 in Hardy, Littlewood, and Pélya [351]) Let p > 1
and ! > 0. If F} is defined by (1.3.60), then

o] [‘]__l p 00
/ o M) p)l / 7 de,
0 ' ri+1-3)/) Jo

except for the case when f vanishes almost everywhere.
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If Fy is defined by (1.3.61), then

/OOO FPdx < (%)p/om(zlf)pdx,

except for the case when f vanishes almost everywhere. In both inequalities
the constants are sharp.

There are a number of papers where particular cases of the theorems in
Sects. 1.3.2 and 1.3.3 are considered. The first criterion of such a type was
obtained by Kac and Krein [409] who dealt with the inequality (1.3.8) for ¢ =
p = 2. For p = ¢, Theorems 1.3.2/1 and 1.3.2/2 are due to Muckenhoupt [620].
A different proof of Theorem 1.3.2/2 in the case p = ¢ = 2 can be found in
Bobkov and Gotze [115]. The generalizations for p # ¢ presented in Sects. 1.3.2
and 1.3.3 were obtained by Rosin and the author (see Maz’ya [552]). The case
p < g was independently investigated by Kokilashvili [438]. A new proof for
the case 0 < ¢ < p was given in Sinnamon and Stepanov [702] where the
case p = 1 is included. For the history of Hardy’s inequality (1.3.1) and its
extensions see the book by Kufner, Maligranda, and Persson [468].

Stepanov found necessary and sufficient conditions on the weight functions
u and v subject to the inequality

/ “ @) de < © / 1 @)o() P de,
0 0

where k£ > 1 and f vanishes together with all its derivatives up to order k — 1
at = 0 or at infinity, [725, 726].

The material of Sect. 1.3.4 is borrowed from the article [593] by Maz’ya
and Verbitsky.

Inequality (1.3.41) is proved in the paper by Hardy, Littlewood, and
Pélya [350] and (1.3.42) is presented in the book [351] by the same authors.
Levin [490] found the best constant in (1.3.42):

b= ((as>sl(bt>t [%Tmﬁiiﬂ)m

where s = p/(ap+bN) and t = A/(ap + bX). Lemma 1.3.5/3 was published in
the author’s book [552].

The results in Sect. 1.3.6 were obtained by Maz’ya and Kufner [571]. His-
torical remarks on multiplicative inequalities for differentiable functions are
made in Sect. 13.5 of the book by Maz’ya and Shaposhnikova [579].

1.4 Embedding Theorems of Sobolev Type

This section deals with a generalization of the Sobolev embedding theorem.
The heart of this result will be obtained as a corollary of estimates, in which
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the norms in the space of functions, integrable with power p with respect to
an arbitrary measure, are majorized by the norms in Sobolev spaces. First we
shall consider functions defined on R™ and then we shall proceed to the case
of a bounded domain.

1.4.1 D.R. Adams’ Theorem on Riesz Potentials

Let o be a measure in R, i.e., a nonnegative countably additive set function,
defined on a Borel o algebra of R™. Let Ly(R™, ) = Lq(n) denote the space
of functions on R”™, which are integrable with power ¢ with respect to u. We

put
1/q
fullzyo = ( [ 1tan)

The space Ly({2, 1), where p is a measure on an open set {2, is defined in
an analogous manner.

To prove the basic result of this section, we need the classical Marcinkiewicz
interpolation theorem, which is presented here without proof (cf. for example,
Stein’s book [724]).

Suppose po, p1, qo, and ¢ are real numbers, 1 < p; < ¢; < 00, po < p1,
and ¢y # ¢1. Let p be a measure in R™ and let T" be an additive operator
defined on 2, its values being u-measurable functions.

The operator T is said to be of weak type (p;, ¢;) if there exists a constant
; such that for any f € 2 and a > 0,

w{o: (TH@)] > a}) < (@7l fl,,) "

Theorem 1. Let T' be an operator of the weak types (po,qo) and (p1,q1)-
If0< 0 <1 and

1 1-6 6 1 1-60 ¢

p Po P’ q do q1
then, for all f € 9,

)

ITFllL,0 < e\ £,

and hence, T can be extended onto L,(R™) as a continuous operator: L, —
L,(w). Here ¢ = c(p1,p2,q1,92,0) is a constant independent of p, T, and f.

Now, we proceed to the statement and proof of the basic theorem of this
section.

Theorem 2. Letl > 0,1 <p < q< o0, and lp < n. The Riesz potential

1)@ = [ Je=ul' " 1)y
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maps Ly, continuously into Lq(p) if and only if the function

M (x) = sup o *u(B(z,0)),

where s = q(% — 1), is bounded, that is, u(B(z, 0)) < const QQ(%#).
Proof. Sufficiency. We show that

tu(L)M < U}L/p,%sup///(x)l/qﬂfﬂ%, (1.4.1)

where »
p':ﬁ’ L ={y: (Llf))(y) >t}, t>0.
Let p; be the restriction of p to %; and let r be a positive number, which
will be specified later. Clearly,

) =t [ dut) < [ (@)@ du)

= [15@) [ o= ul " dpato) da.

By Lemma 1.2.3, the interior integral with respect to y can be expressed in
the form

oo

[ nelyste =iz == [ (B o)a().

(The minus sign appears since ! < n and therefore p = oo corresponds to
7 =0 and vice versa.) Thus,

tu(Ly) < (n—1) /OOO /Rn |f(x)|ut (B(z,p)) dzp!=" "1 dp

—(n=0) [ g ) [ = A

where r is an arbitrary positive number.
Using the obvious inequality

1 (B, 0)) < (e (B(w, 0)))"" ot ()7 0"/,
we obtain

1/p’

A < (n— 1)sup///(x)1/p|‘f”Lp /OT </Rn (B, 0) dx) ol 1S/ g,



66 1 Basic Properties of Sobolev Spaces

Since
/ e (B(z, 0)) dz = v, 0" (%),
we have
71 ’ ’
A < Mv}/p Sup///(x)l/p||f||Lpu(.$t)1/p pl—(n=s)/p
pl—n—+s
Similarly,
S 1/p’
A< (0= DIl [ ([ B o)ar) it
p(n ,n
= PO
n — pl
Hence,

1/p 1/p
(L)Y < | fllL, 0" (nM(MTz-<n-s>/p+%rz-nm>,

pl—n-—s n—p
The right-hand side attains a minimum value at
= u(L)/ sup A (),

and this value is equal to

n—1I)s / _
s Y |l sup A ) ),

Thus, (1.4.1) is proved.
Applying interpolation Theorem 1, we find that the operator I; : L, —
L,() is continuous and

11f |2, < csup(z)9) fl|L,. (1.4.2)

Necessity. Let
HifllLqy < Cllfllz,- (1.4.3)
Let f denote the characteristic function of the ball B(x,p). Then, for z €
B(z, o),

(Lf)(2) > (20)" /B dy = v, 2",

(z:0)
This and (1.4.3) imply

(1(B(x, )"/ < 22tV O,
The theorem is proved. (]

From Theorem 2 and the integral representation (1.1.10) we obtain the
following criterion.
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Corollary. Let 1 < p < g < oo andn > pl.
1. For allu e 9,
lullL, ) < ClIViulL,, (1.4.4)

where

C? < ¢1sup Q(F”/”)q,u[B(x, Q)] .
z;0

2. If (1.4.4) holds for all uw € 2, then

C? > cosup Q(l_"/p)qu[B(x, Q)]
z;0

Proof. The first statement follows from Theorem 2 and the integral repre-
sentation (1.1.10). The second assertion can be justified by setting

u(y) = n(e” 'y — ), (1.4.5)

where n € Z(Bs) and n =1 on By, into (1.4.4). O

1.4.2 Estimate for the Norm in L,(R", ) by the Integral of the
Modulus of the Gradient

In the next theorem we meet for the first time the phenomenon of equivalence
of integral and isoperimetric inequalities:

Theorem 1. 1. Let
1/q

sup ——~—

{gr $(99)
where ¢ > 1 and {g} is a collection of subsets of an open set 2, g C §2, with
compact closures and bounded by C> manifolds. Then for all u € 2(12)

< o0

(1.4.6)

)

lull, (2.0 < ClIVullL, (@), (1.4.7)
where Y
q

¢ < sup M9 (1.4.8)
{gr 5(99)

2. Suppose that for all uw € D(§2) the inequality (1.4.7) holds. Then

1/q
C > sup g .
{gy 5(99)

(1.4.9)

Proof. 1. By Lemma 1.2.3

lullz,(2.m = </OOO u(ﬂ)d(tq)>l/q, (1.4.10)
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where % = {x : |u(z)| > t}. Since u(.%;) does not increase, (1.3.41) implies

- Va e
” | S / g l/q dt S Sup 'Lt(g) / S 3$ dt
ull (2,50 ; w(Z) oy 509) Jo )

Here we used Corollary 1.2.2, according to which almost all sets .%; are
bounded by smooth manifolds. By Theorem 1.2.4, the last integral coincides
with [[Vul[z, (o).

2. Let g be an arbitrary set in {g} and let d(z) = dist(x,g), g: = {z :
d(xz) < t}. Into (1.4.6), we substitute the function u.(z) = a[d(z)], where
a(d) is a nondecreasing C* function on [0,1], equal to one for d = 0 and to
zero for d > e, € > 0. According to Theorem 1.2.4,

/QVu5|dx:/OEo/(t)s(8gt)dt

Since s(0g:) — s(Jg) as t — 0, we have

/ |[Vue| dz — s(9g). (1.4.11)
0]

On the other hand,
el Ly () = 1(9)" (1.4.12)

Combining (1.4.11) and (1.4.12) with (1.4.7), we obtain
(gt < Cs(0y),

which completes the proof. (I

From Theorem 1 and the classical isoperimetric inequality
mn(9)" /" < pm o ms(9g) (1.4.13)

(cf. Lyusternik [507], Schmidt [693], Hadwiger [334], and others), it follows
that for all u € 2(12)

lallz,)msy <070Vl (1.4.14)

with the best constant.
In the case n > p > 1 we replace u by |u[P(»~1/("=P) in (1.4.14) and then
estimate the right-hand side by Hoélder’s inequality. We have

” ”P(n 1)(n—p) < p\n — 1) 1/"H|u|n(P 1)/(n— P)VUH

p(n—1)
Lpn/n—p) n(n p)
p( 1) n 1 n—
= i 0 et AT
p) P P
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Consequently,

p(n—1)
||UHLpn/(nfp) <

oy Il

This along with
‘V|Vl_ku|| < n1/2|Vl_k+1u\, k=1,...,1—1,
yields

p(n— 1)~/

-1
pn/(n—kp) S n — kp v?’L /n||vl_k+1u||Lpn/(nf(k'fl)p)’ (1'415)

Vi—kullz

where kp < n. Putting £ = 1,2,...,0 in (1.4.15) and then multiplying all
inequalities obtained, we arrive at the next corollary.
Corollary. If n > lp, p > 1, then for allu € 2

l
n—1 I'(n/p-1)

v . 1.4.16

||uHLp'n,/(n—lp) = (nl/zv,l/n> F(n/p) ” luHLp ( )

Thus we obtained the Sobolev inequality for (p > 1) and the Gagliardo—
Nirenberg inequality (p = 1) with an explicit (but not the best possible for
p>1,1>1orfor p>1,1>1) constant. In the case [ = 1 the best constant
is known (2.3.1).

The following extension of Theorem 1 is proved in the same way, and more
general facts of a similar nature will be studied in Sect. 2.1.

Theorem 1’. The best constant C in the inequality

1/q
( / IUquu> < O8]z, o,
(9]

where p > 0, ¢ > 1, ® € C(2), ® > 0, and u is an arbitrary function in
C§e(£2), is equal to
1/q
sup M9
{9} fagé(.’lﬁ)ds

Here {g} is the same as in Theorem 1.

The next theorem shows that in the case 2 = R™ the condition (1.4.6)
can be replaced by the equivalent one

sup o' =™ (B, (x)) < oo. (1.4.17)

Z;e

Theorem 2. 1. If (1.4.17) holds, then (1.4.7) holds for all u € 2(R")
with ¢ > 1 and
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C? < cTsup g(l_")qu(BQ(x)), (1.4.18)

;0
where ¢ depends only on n.

2. If (1.4.7) holds for all uw € 2(R™), then

C? > (nv,) ?sup g(lfn)qu(BQ(a?)). (1.4.19)

z;e

Proof. Let {B(x}, 0j)} be the covering of g constructed in Theorem 1.2.1/2.
By the obvious inequality

1/q
(So) =Xan
J J

where a; > 0, ¢ > 1, we have

Z“ (zj,05)) < {ZM(B(wjan))l/q}
< sup o' "My (ZQ ) :

z;e

q

This and (1.2.1) imply

1u(g) < ¥ sup o'~ (B(x, 0))s(dg),

x;e

which along with Theorem 1 yields (1.4.7).
The inequality (1.4.19) is an obvious corollary of (1.4.9). The theorem is
proved. O

1.4.3 Estimate for the Norm in L,(R", u) by the Integral of the
Modulus of the Ith Order Gradient

Lemma. Let p be a measure on R", n > 1, 1<qg< (n—1+1)(n—1)""! and
“l=1-n"Yq—1)(n—1). Further, let

(@) = [ o=yl duty).
Then for all x € R™ and o > 0

gl717"||11u||LT(B(I7Q))§c sup T(lfn)qu(B(z,r)).
zER™ ,r>0

Proof. Without loss of generality we may put z = 0. By Minkowski’s
inequality,



1.4 Embedding Theorems of Sobolev Type 71

(L) =)

dx 1/
- g ) ) 1.4.20
- /y|<zg (/ﬂgg |z — y|(n1)‘r> 1(y) ( )

Since (n — 1)7 < n, we have

/ dx < an_T(n_l).
\

z|<o |1' - y|(n71)7

Hence the right-hand side in (1.4.20) does not exceed o™ ~"+1,(B(20)).
Consequently,

T 1/7
(L i) ) el (i)
z1<o \Jly|<20 |2 — y["

On the other hand,

T 1/
(/ (/ du(y) ) dx) / <cgn/7'/ dply)
jel<o \JJy|>2¢ 1T — 9" - y>20 [YIPT

The last integral is equal to

(n—1) / T (BI\B(20))r " dr,

[

and therefore it is majorized by

CQQ(”’_Z)_"H sup r(l_")qu(B(r)) .
0<r<oo

The result follows. O

Theorem. Let p be a measure on R™ and let | < n, ¢ > 1. The inequality

||u||Lq(M) < CHVl’LLHLl, u € 97 (1421)
holds if and only if
H = sup Ql_"u(B(a:, g))l/q < 00. (1.4.22)
zER™ 0>0

Moreover, J is equivalent to the best constant C in (1.4.21).

Proof. The estimate C' > c¢# is obvious. We prove the opposite one. In
the case [ = n it follows from the identity

o o 9"
u(x)_/_m.../_oomdxl,...,dxn, ue 9. (1.4.23)
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Let I < n. For [ =1 the result follows by Theorem 1.4.2/2. First consider the
case | > 1, ¢ > n/(n—1). By Corollary 1.4.1

[ull gy < ¢ XN ViaulL,, )

By (1.4.14), we obtain that the right-hand side does not exceed ¢ ||Vul|L, -

Now let I > 1, ¢ < n/(n —1). We use induction on the number of deriva-
tives. Suppose the assertion holds for derivatives of orders 2,...,l — 1. By the
integral representation (1.1.10),

[ 1l duta </\/ et d§‘<00(1/|vu||uq e,

Hence
[t < el 19wl

where 77! = 1—(¢—1)(n—1)n~!. By (1.4.16) the first norm on the right-hand
side is majorized by

¢ sup O L, (Baen I ViullL,
z€ER™ 0>0

which follows by the induction hypothesis. Since ¢ < n(n — 1)~! then ¢ <
(n—1+41)(n—1)~! and we may use the Lemma. Thus, the sufficiency of the
condition (1.4.22) as well as the estimate C' < ¢ % are proved. The necessity
of (1.4.22) and the estimate C > ¢ follow by the insertion of the test
function (1.4.5) into (1.4.21). This completes the proof.

1.4.4 Corollaries of Previous Results

The following assertion combines and complements Corollary 1.4.1 and The-
orem 1.4.3.

Theorem 1. Let either k <, p(l — k) <n,1 <p<g<ooorl—k=n,
p=1<qg< 0. The best constant in

||Vku||Lq(“) < C||Vlu\|Lp, u e .@(Rn), (1.4.24)

18 equivalent to

A = sup o+ [u(B(; 0))] V.
x;e

Proof. The estimate C < ¢ £ is proved in Corollary 1.4.1 and in Theo-

rem 1.4.3. Inserting
T—Y
uy) = (z1 - yﬂ’“n(—g >

where ¢ > 0 and n € Z(Bz), n =1 on By, into (1.4.24), we obtain the lower
bound for C.
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The next assertion is the analog of Theorem 1 for the space Vpl.

Theorem 2. Let the conditions of Theorem 1 relating the values of p, q,
[, k, and n hold. The best constant in

IViull, ) < Cllullve, we 2,
is equivalent to

= sup R [(B(z, Q))]l/q. (1.4.25)
x;0€(0,1)

Proof. First we derive the upper bound for C. Let the cubes 2; form the
coordinate net in R™ with step 1 and let 22; be concentric homothetic cubes
with edge length 2. By {n;} we denote a partition of unity subordinate to the
covering {22,} and such that |V,,n;| < ¢(m) for all j. Here ¢(m) is a positive
number and m is an integer. Since the multiplicity of the covering {22;} is
finite and depends on n only, it follows that

/Ivkul“du < /<Z|Vk(77ju)|)qdu < CZ/|Vk(77jU)|qu-

Applying Theorem 1 to each summand of the last sum, we obtain
¥l g < smp o= (22,756 )] T,

Consequently,
||vku||Lp(;L) <c ‘)5/1 ||u||VI£ ’

where .7 is the constant defined by (1.4.25).
The lower bound for C' can be obtained in the same way as in Theorem 1.

1.4.5 Generalized Sobolev Theorem

Theorem. Let 2 be a domain in R™ with compact closure and let it be the
union of a finite number of domains of the class EVpl. (In particular, according
to Sect. 1.1.9 and the Stein extension theorem, mentioned in Sect. 1.1.17, this
assumption holds if {2 has the cone property.)

Further, let u be a measure on §2 satisfying

sup 0 *u(2N Bz, 0)) < oo, (1.4.26)
z€R™,0>0

where s > 0 (for example, if s is an integer, then p can be s-dimensional
Lebesgue measure on 2 NR?).
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Then, for any u € C*(2) N VL(£2),

k
D o IViullLy 2 < Clullvio), (1.4.27)
=0

where C' is a constant independent of u, and the parameters q, s, p, I, and k
satisfy the inequalities

(a) p>1,0<n—p(l—k)<s<n,q<spn—pl—Fk)"
by p=1,0<n—Il+k<s<mn,q<s(n—I1+k)}
(¢) p>1, n=p(—k), s<n, qis any positive number.
If either of the conditions holds:
(d) p>1,n<p(l—k)
(e) p=1,n<l—k;

then
k

ZS}I}PWJM < Cllullv(o)- (1.4.28)
=0

If 2 belongs to the class EVpl (for example, 2 is in C%Y), then in case
(d) the Theorem can be refined as follows.

O Ifp>1, (I-k-1p<n<(—Fkpand \=1—Fk—n/p, then for all
ue Vi2)NC>(R)

sup [Viu(z + h) — Viu(z)]

< Cllullvi(g- 1.4.29
z,2+h€ 2, h#0 |h|* lllv ey ( )

(g) If I =k —1)p = n, then inequality (1.4.29) holds for all 0 < A < 1 and
u e Vi) NC>(12).

Proof. First we note that in cases (¢) and (g) the result follows from (e)
and (f), respectively, since V!, (£2) C VL, (£2) for p1 > po.

It is sufficient to prove (1.4.27) and (1.4.28) for domains of the class EVpl.
Since for such a domain there exists an extension operator V! (£2) — V}(R™),
we can limit ourselves to consideration of the case 2 = R™. To obtain (1.4.27)
in cases (a) and (b) we refer to Theorem 1.4.4/2.

Let (d) hold. It is sufficient to prove (1.4.28) for functions in V}!(R")
with supports in a ball. Then (1.4.28) results from the integral representa-
tion (1.1.10) and Hélder’s inequality.

In case (e) the estimate (1.4.28) follows directly from (1.4.23).

Let (f) hold. Clearly, it is sufficient to assume that k = 0. Since £2 € EV/,
then, as before, we may put {2 = R”. Furthermore, one can assume without
loss of generality that |h| < 1/4 and that u(y) = 0 outside the ball B(x,1).
By (1.1.10)

u@) =Y | Kalz —y)Du(y)dy,

la|=1 /R
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where |K,(2)| < c|z|'™™ and
|Ka(z +h) — Ka(2)| < clh||z'=1="  for |z| > 3|hl.
Therefore,
\u(z + h) — u(z)|
< V) |,
|

z—y|<4|h| |$ - y|n—l

[Viu(y)|

y|n—l+1 Y-

+ c|h|
lo—yl>aln| | =

(1.4.30)
It remains to apply Holder’s inequality to both integrals on the right-hand
side. The theorem is proved.

Remark 1. All the relations between n, p, [, k, and X in cases (d)—(g) of
the Theorem are the best possible. This fact can be verified using examples
of functions x¥ log | log |||, |z|*.

Remark 2. From the Theorem it follows that V!(£2) is continuously em-
bedded into Vq’“(ﬂ), q=mnpn—pl—Fk)forn>pl-k),p>1,if 2is
bounded and has the cone property. In the case n = p(I — k) the same holds
for any ¢ < co. Also note that for this critical dimension there is no embed-
ding of V,/(£2) N C*~11(£2) into C*(£2). The corresponding counterexample is
provided by the function

u(z) = z1 sinloglog i,
||
defined on the unit ball.

In the cases p(I—k) > n and p = 1, I —k > n the space V;,l(!?) is embedded
into C*(£2).

Remark 3. If 2 € C%', then under the conditions (f) and (g) the space
V,(£2) is embedded into the space, obtained by the completion of C*°(£2) with
respect to the norm

k

|Viu(r) — Viu(y)|
Viullp (o) +  sup ,
Z H / ”L ) T, yEN,x#y 1/)(|$ - y|)

=0

where
b(t) = A for A € (0,1),
(1 + |logt))P=D/P for A =1,

(if A = 1, the right-hand side in (1.4.30) is majorized by c|h| - | log \hﬂ% X
Viul|z, with the aid of Hélder’s inequality). The exponent (p—1)/p is sharp
for A = 1, which can be checked by using the trial function B;,4(0) > x

:E’f“(flog |z|)” with v € (0,(p—1)/p), l —k—n/p=1.
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From conditions (a), (b), and (c) it follows that for integer s the restriction
operator
C®(2)NVHR) 3 u— ulrene, (1.4.31)

can be uniquely extended to a linear operator V,}(£2) — V,F(R* N £2).
Using Lemma 1.1.11 we may rewrite (1.4.27) as

k
ZHVj(u - H)HLq(Q”u,) < CHVZU”LP(Q)7
=0

where IT is the polynomial (1.1.12). This enables us to introduce a continuous
restriction operator Lé — Vp’“(RS NN2)/ P —1 to R°N 2 for p = ms. Analo-
gously, we may establish that in cases (d) and (e) and (f) and (g) the space
L;(Q) is continuously embedded into C*(§2)/27,_; and into C**(2)/ P4,
respectively.

In conclusion we note that the Theorem of the present subsection refines
Theorem 1.1.2 on local properties of functions in L;(Q), where (2 is an arbi-
trary open subset of R"™.

1.4.6 Compactness Theorems

The embedding and restriction operators mentioned in Remark 1.4.5/2, which
are continuous by Theorem 1.4.5, turn out to be compact for certain values of
p, 1, q, n, and s. This result will be proved at the end of the present subsection.

Lemma. Any bounded subset of the space of restrictions of the functions
in Vpl (R™) to a bounded domain {2 is relatively compact in szfl(Q).

Proof. Tt suffices to limit consideration to the case [ = 1. Let f be a
summable nonnegative function on [0, a + 4], where a > 0, 6 > 0. Then

/0 " /t " F(r)dr <6 /0 “ F(4) dt. (1.4.32)

In fact, the integral on the left-hand side is

/Oa dt/oéf(ﬂrt)dr:/o& dT/TaJrTf(t)dt§6/Oa+6f(t)dt_

Now let u € C§°(R™). Obviously, for all h € R,

/Q|u(x—|—h)—u(x)’pdx§/n</g

where 0, 5, = [z, z + h]. Hence

/‘u(x+h)—u(x)’pdx§|h|p_1// VP dl da.
2 2 Joyn

P
[Vul dl) dz,

x,h
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Applying (1.4.32) with § = |h| to the last integral, we obtain

1/p
([ Jute+ 1) - u@f as) " < bl Vs o
2

It remains to note that by Riesz’s theorem, a set of functions, defined on a
bounded open domain {2, is compact in L,({2), if it is bounded in L,({2) and

/ lu(z + h) — u(x)’pdx — 0,
7

uniformly as |h| — 0, where h is an arbitrary vector in R™. This completes
the proof. (I

Theorem 1. Let a bounded domain 2 C R™ be the union of a finite
number of domains in EVX (for example, §2 has the cone property owing to
Lemma 1.1.9/1). Let p be a nonnegative measure in R™ with support in (2.
Further, let k <1, p(l—k) <n, and either | <p < g<ooorl=p<q<oo.

Then any subset of the space C™(§2), bounded in VPZ(Q), is relatively com-
pact in the metric

k
Z ”Vju”Lq(fl,H)v (1.4.33)
§=0
if and only if
lim sup o"'"*"/P)u(B(z, )) = 0. (1.4.34)
o—0 rER™

Proof. Sufficiency. We may assume from the very beginning that {2 € EVIf.
Then it suffices to prove that any subset of the space C>(R"™) N WL(R™),
bounded in W}(R") = V/(R™), is relatively compact in the metric (1.4.33).

According to (1.4.34), given any e > 0, there exists a number ¢ such that

o1 —k=n/p) sup u(B(z,0)) < e

for o < 5. We construct a covering {%;} of 2 by balls with diameter & < 1,
the multiplicity of the covering being bounded by a constant which depends
on n. Let p; be the restriction of p to %B; and let {n;} be a partition of unity
subordinate to the covering {%;}. Using Theorem 1.4.4/1, we obtain

k
/%) Z!Vj(um)|q dp; < esup QQ(lfkfn/P)‘ui(B(.r, Q))||um|\"1/;(%)
; o

i j=0
l ] a/p
< CEZ((V’(]_Z)/ |Vju|pdx) .

=0 Bi

Summing over i, we arrive at
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k

It remains to note that, by the Lemma, any bounded set in Vpl (R™) is compact
in Vpl*I(Ui B;).

Necessity. Let us take the origin of Cartesian coordinates to be an arbitrary
point O € R™. Let n denote a function in #(Bsy,) which is equal to unity on
B,, 0 < 1, and such that |V;n| <co™,j=1,2,....

Note that p has no point charges by (1.4.34) and the inequality p(I—k) < n.
From the relative compactness of the set {u € C*(£2) : ||UHVPL () < 1} in the
metric (1.4.27) it follows that given any € > 0, any function of this set and
any point O we have

/ [Viu|fdp <e
B2Q

for some p. Inserting the function

u(z) = oin(@)

k
||$177||v];(w)
into the last inequality, we obtain
k|14 —l+k
(k)u(B,) < 6||a:1n||vé(329) < cepd(n/p )

The result follows. O

Theorem 2. Let a bounded domain 2 C R™ be the union of a finite
number of domains in EVpl Then forl >k >0, p > 1 we have:

(a) If s is a positive integer and n > (I — k)p, then the restriction opera-
tor (1.4.31) is compact as an operator, mapping Vpl(.Q) into Vq}“((} NR?®) for
n—(—k)p<s<nandq<spn—(-k)p)L

(b) If s is a positive integer and n = (I — k)p, then the operator (1.4.31)
is compact as an operator, mapping V;f(Q) nto qu(Q NR®) for any g > 1,
s<mn.

(c) If n < (I — k)p, then the embedding of Vi(£2) into the space C*(£2)
equipped with the norm

k

E sup |V, u|
—
7=0

1§ compact.

Proof. Since V! (2) C VL, (£2) for p1 > ps, then (b) follows from (a). In
turn, (a) is a corollary of Theorem 1.

To obtain (c) it suffices to prove the compactness of the unit ball in VZ(R")
with respect to the metric of the space C*(G), where (I — k)p > n and G is
any bounded domain. Let # € G and ¢ > 0. By Sobolev’s estimate (1.4.28)
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Kk
> suwp |[Viul < Cllullvi (s

=0 B(z,1
Applying a dilation with coefficient o, we obtain

k l
>0 suwp [Viul <ed o PVl L, 5.0

j=0 B(Ivg) 1=0
Therefore, for 7 =0,...,k

sup [Vjul < o™ PViull 1, (8,0 + C@[ullyi-1 5

Bla.0) z,0))

and thus

k
Y sup|Vul < ¢ E P lullyigny + C@)ullyi-1 6.
i=0 ¢

where G, is the o neighborhood of G. Since g is an arbitrarily small number,
it follows by the Lemma that the unit ball in V,!(R™) is compact in V!=1(G,).
Thus (c) is proved. O

1.4.7 Multiplicative Inequalities

Most of this subsection is dedicated to a necessary and sufficient condition for
the validity of the inequality

IVl < CIVmllE, " (1.4.35)

Lemma. Let p be a measure in R™ with support in B, = {z : |z| < o}
and such that
K =supr—*u(B(z,r)) < oo (1.4.36)
for some s € [0,n]. Further, let p > 1, let k and | be integers k < 1, and let
s>n—p(l—k)ifp>1,s>n—-1+kifp=1.
Then, for all v € C(B,) and for q satisfying the inequalities | —k —n/p +
s/q >0, q>p, we have

Vil Ly By < KV 90Y PR (0l 8, + [0llL,8,)-  (1.4.37)

Proof. According to Sect. 1.1.17, any function w € C*(B;) can be ex-
tended to a function w € C}(Bg) satisfying the inequality

IViwllr, (82) < cllwllvis,)-
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Since V/(B1) = W}(Bi) (see Corollary 1.1.11), the last estimate is equivalent
to
IViwlz, 5 < c(IViwlz, @) + 1wz, e))-

Thus, applying a dilation, we obtain that the function v, mentioned in the
statement of the Lemma, admits an extension v € C}(By,) such that

IVl L, B2y < eIVl B, + 0 IvllL,5,))- (1.4.38)
Let {—k)p<mn,p>1lorl—k<mn,p=1 By Theorem 1.4.4/1 we obtain
VKV Ly (0, Bay) < K YHIV 0L, (B, (1.4.39)
where t = ps/(n — p(l — k)).
In the case (I — k)p = n, p > 1, we let p; denote a number in [1,p),

sufficiently close to p. We put t = p1s/(n—p1(I—k)). Then, by Corollary 1.4.1,

IV k0l L, B2g) < KA IV Ly, (8,
< CKl/th/plfn/p||vl'l)||Lp(BQQ). (1440)
In the case (I — k)p > n, p > 1 we put t = co. By Sobolev’s theorem
V0l Lo 32y < @ PV L, (2, - (1.4.41)
Combining (1.4.39)—(1.4.41), we obtain
VK0l Lo, Bay) < KM TFT P 0] 1 5, (1.4.42)
By Holder’s inequality,
)] 1/q—1/t

IVl 5, < [1(Bg
< Kl/qfl/tgs(l/qil/t) ||VkU||Lt(u,Bg)7

IVkvll. )

which along with (1.4.42) gives
VK0l LBy < K102 G 0| 1 8,

Using (1.4.38), we complete the proof. O

Theorem. 1. Let p be a measure in R™ which satisfies the condition
(1.4.36) for some s € [0,n]. Let p > 1 and let k, | be integers, 0 < k <1 —1;
s>n—p(l—k)ifp>1lands>n—1+kifp=1. Then, for allu € 2,
the estimate (1.4.35) holds, where C < cK'4, n/p —1+k < s/q, ¢ > p and
T=(k—=s/qg+n/p)/l.

2. If (1.4.35) is valid for all u € 9, then C > c K'/4.
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Proof. According to the Lemma, for all x € R™ and ¢ > 0,

IViullz, e 500
< e KV T (Vi 5,0 + 4l (BG,ep) - (1:4:43)

We fix an arbitrary gg > 0. If the first term on the right-hand side of (1.4.43)
exceeds the second for ¢ = gg, then we cover a point = € supp p by the ball
B(z, 0). Otherwise we increase o until the first term becomes equal to the
second. Then the point x is covered by the ball B(x, o), where

1/1 —1/1
0= |lull} / »(B(z,0)) HVlu| B(I,@))
In both cases
I+k
IVilly, e < K (00 PNV s

+||vlu||QT (B(z,0)) || ||Lp(3(w Q)))~ (1.4.44)

According to Theorem 1.2.1/1, we can select a subcovering {#("},;5; of
finite multiplicity, depending only on n, from the covering { B(x, 0)} of supp p.
Summing (1.4.44) over all balls (") and noting that

Z 0o < (zl: a;wa) (z; o+

(5 (22)

where a;, b;, a, and 3 are positive numbers o + 8 > 1, we arrive at

a/p
n/p—Il+k
IVeollg, () < ek (o3P )<Z ||Vlu|zz,p(gg(i))>

Tq/p (1-7)a/p
(Sl o) (Sl )

Since the multiplicity of the covering {#Y)} depends only on n, the right-hand
side is majorized by

a/(a+pB) )3/(a+ﬁ)

s—q(n l k
cK (g5 ‘PTG l| + Vol 7 ull 7).

Passing to the limit as g9 — 0, we complete the proof of case 1.

To prove case 2 it is sufficient to insert the function u,(z) = (y1 — z1)F x
o(o7 (x — y)), where ¢ € Z(Bs), ¢ = 1 on By, into (1.4.35). The result
follows. U
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Corollary 1. 1. Let u be a measure in R™ such that

Ki= sup 7 °u(B(z,r)) < oo, (1.4.45)
z€eR™,re(0,1)

for some s € [0,n]. Further let p > 1, let k and [ be integers 0 < k <1 —1;
s>n—p(l—k)ifp>Llands>n—1+k ifp=1. Then, for allu € 2,

190l < Callullfyllall" (1.4.46)

where C7 < cKll/q, n/p—Il+k<s/q, q>p, andT=(k—s/p+n/p)/l.
2. If (1.4.46) is valid for allu € 9, then Cy > ¢ K,/7

Proof. Let {2} denote a sequence of closed cubes with edge length 1
which forms a coordinate grid in R”. Let &) be the center of the cube 2%,
00 = 0, and let 22 be the concentric homothetic cube with edge length 2.
We put 7;(z) = n(x — 6W),where n € C§°(22(%)), n =1 on 2.

Applying the Theorem of the present subsection to the function un; and
to the measure e — p(e N 2(%)), we obtain

[9uma);, < eBE 2 am) 7m0

Summing over i and using the inequality

(Z (Li)p/q < Z af/q’

where a; > 0, we arrive at (1.4.46).
The second assertion follows by insertion of the function u,, defined at the
end of the proof of the Theorem, into (1.4.46).

The next assertion follows immediately from Corollary 1.

Corollary 2. Suppose there exists an extension operator which maps
VL(R2) continuously into VE(R™) and Ly(£2) into L,(R™) (for instance, 2
is a bounded domain of the class C%Y). Further, let p be a measure in §2

satisfying (1.4.45), where s is a number subject to the same inequalities as in
Corollary 1. Then for all u € C1(£2)

195l .y < Cllulfagelulls oy (1.4.47)

where n/p —1l+k <s/q,q>p>1and = (k—s/qg+n/p)/l.

2. If for allu € CY(R2) the estimate (1.4.47) holds, then the measure y with
support in {2 satisfies (1.4.45).
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1.4.8 Comments to Sect. 1.4

Theorem 1.4.1/2 is due to D.R. Adams [2, 3]. The proof given above is bor-
rowed from the paper by D.R. Adams [3]. The following analog of Corol-
lary 1.4.1 was obtained by Maz’ya and Preobrazhenski [577] and will be proved
in Sect. 11.9.

If 1 < p<gq, lp=mn, then the best constant C in

is equivalent to
p—1

2\ 7
sup (log —) [1(Br(2))] e,
x€R™ r€(0,1) r

For g = mg, i.e., for the s-dimensional Lebesgue measure in R®, inequal-
ity (1.4.4) was proved by Sobolev [712] in the case s = n and by I'in [394] in
the case s < m. They used the integral representation (1.1.10) and the mul-
tidimensional generalization of the following Hardy-Littlwood theorem (cf.
Hardy, Littlewood, and Pdlya [351]).

Ifl<p<qg<ooandp=1—pt+q 1, then the operator |x|~" * f with
R - R maps L,(R') continuously into L,(R').

For one particular case, Lieb [496, 497] found an explicit expression for the
norm of the operator |z|~*  f, u € (0,n), acting on functions of n variables.
His result can be written as the inequality

/ )dd’
n JRrn |39*Z/|“

§ AF((n—u)/2)< (n/2>)
- I'(n—p/2) \ I'(n)
with the equality if and only if f and g are proportional to the function
(|Jz — zo|? 4+ a?)#=20)/2 where a € R and zy € R™.

|

||f||L o M9l o o (14.48)

m

Theorems 1.4.2/1 and 1.4.2/2 are due to the author [543, 548]. Inequality

(/|u(x)|"/("—” dx) e < C’n/|Vu(x)|dx (1.4.49)

was proved independently by Gagliardo [299] and Nirenberg [641] using the
same method, without discussion of the best value of C,.

The proof based on the classical isoperimetric inequality (1.4.13) in R™,
which gives the sharp constant (see (1.4.14)), was proposed simultaneously
and independently by Federer and Fleming [273] and by Maz’ya [527].

Briefly, the proof by Gagliardo [299] and Nirenberg [640] runs as follows.
One notes that
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dy;

F(xlwuvxi—lvyivxi-‘rh"'7xn)

|u(x)’ < 2_1/]R gu

(3

for 1 <7 < n and for all © € C§°. This yields

I

1<i<n

n/(n—1) . Y=y
’u(x)| < /! ")< dy,) .

Integrating successively with respect to x1, x2, and so on, and using the gen-
eralized Holder inequality

’ / foe fn_ldul 2 |

ou
0yi

1<j<n—1
with p; = ps = --- = p,—1 = n — 1 after every integration, we arrive at the
inequality
1 87.L l/n
1<i<n

(Note that (1.4.50) is equivalent to the isoperimetric inequality

(mn(g))n_1 <27t H |cos(v, ;)| ds,

1<i<n 09

which can be proved by a straightforward modification of the proof of Theo-
rem 1.4.2/1.)

By the inequality between the geometric and arithmetic means, we obtain
the estimate

ou

Ly

|z, )y < (2n)*1/ da. (1.4.51)

R™ 1<i<n

Its optimality is checked by a sequence of mollifications of the characteristic
function of the cube {z: 0 < z; < 1}.

Obviously, (1.4.51) implies (1.4.49) with C,, = (2n'/2)~', but this value of
C), is not the best possible.

It is worth mentioning that Gagliardo’s paper [299] contains a more general
argument based on the same idea which leads to the embedding of W} (£2) to
Ly(92,), where (2, is an s-dimensional surface situated in £2.

Gromov [325] gave a proof of (1.4.49) where the integration is taken over
a normed n-dimensional space X. The value C,, = n~! in Gromov’s proof
is the best possible provided the unit ball in X has volume 1. This proof is
based on the so-called increasing triangular mappings which were apparently
introduced to Convex Geometry by Knothe [437], who used them to obtain
some generalizations of the geometric Brunn—Minkowski inequality. Such a
mapping transports a given probability measure on the Euclidean space to
another one, and under mild regularity assumptions, it is defined in a unique



1.4 Embedding Theorems of Sobolev Type 85

way. These mappings have a simple description in terms of conditional prob-
abilities, and were apparently known in Probability Theory before Knothe’s
work.

In time it became clear that triangular mappings may be used to obtain
various geometric and analytic inequalities. Bourgain [137] applied them to
prove Khinchin-type (i.e., reverse Holder) inequalities for polynomials of a
bounded degree over high-dimensional convex bodies, with constants that are
dimension free.

There is a discussion of this method in Bobkov [111, 112], where triangular
mappings were used to study geometric inequalities of dilation type.

Using wavelet decompositions, weak estimates, and interpolation, Cohen,
DeVore, Petrushev, and Xu [208] for n = 2, and Cohen, Meyer and Oru [209]
for n > 2, obtained the following improvement of (1.4.49):

n—1)/n 1/n
lulle_o < CIVullf " ul ", (1.4.52)
where B is the distributional Besov space Bl ™. One equivalent norm in
Bk

f—supt™ V2| PfL
t>0

where P; is the heat semigroup on R”, was used by Ledoux [485] in his direct
semigroup argument leading to (1.4.52).

Another powerful method for proving Sobolev-type inequalities is based
upon symmetrization of functions (it will be demonstrated in Sects. 2.3.5
and 2.3.8) was developed in different directions during the last 40 years. In
particular, it led to generalizations and refinements of those inequalities for
the so-called rearrangement invariant spaces: Klimov [426, 427, 430]; Mossino
[619]; Kolyada [443, 444], Talenti [742, 743]; Klimov and Panasenko [436];
Edmunds, Kerman, and Pick [253]; Bastero, M. Milman, and Ruiz [76]; M
Milman and Pustylnik [607]; Cianchi [197]; Kerman and Pick [418, 419]; Mar-
tin and M. Milman [518-522]; Martin, M. Milman, and Pustylnik [524]; Pick
[659, 660]; Cianchi, Kerman, and Pick [205]; and Cianchi and Pick [207], et
al.

Using symmetrization methods, Martin and M. Milman [517] showed that
for a <0, and f € (W11—|—W1)OB“

0,007

F*(8) < eln. @) (|91 () 1l 5 i

where h**(t) = 1 fo h*(s)ds. This gives another approach to (1.4.52) and
other inequalities of a smular nature.

Although the constant in (1.4.14) is the best possible, it can be improved
by restricting the class of admissible functions in this inequality. For example,
since for any N-gon 2y C R? the isoperimetric inequality

[s(002x)]° > (4/N) tan(r/N)ma (2 )
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is valid (see [714]) then duplicating the proof of Theorem 1.4.2/1 we obtain
the following assertion.

Let uy be a function on R? with compact support, whose graph is a polygon
with N sides. Then

(4/N) tan(x/N) /R a2 da < (/R |qu|dx)2.

Lemma 1.4.3 is a special case of a result due to D.R. Adams [2]. Theo-
rem 1.4.3 was proved by the author [551].

Theorem 1.4.5 for © = my is the classical Sobolev theorem (see Sobolev
[712, 713]) with supplements due to Il'in [394], Gagliardo [299], Niren-
berg [640], and Morrey [612]. Here we stated this theorem in the form pre-
sented by Gagliardo [299)].

The continuity of functions in WI}(Q) for p > 2, n = 2, was proved by
Tonelli [754].

To Remark 1.4.5 we add that if n = p(l — k), I > k, p > 1, the inequality

p/(p—1)
/ exp (C:Zﬁﬂ) dz < ¢ (1.4.53)
Q Vi($2)

holds with positive constants ¢ and ¢y, as shown for the first time by Yudovich
in 1961 [809]. (See also Pohozhaev [662] and Trudinger [762]. Concerning the
best value of ¢y in inequalities of type (1.4.53) see Comments to Chap. 11.)

The estimate (1.4.32) is contained in the paper by Morrey [612]. Lem-
ma 1.4.6 is the classical lemma due to Rellich [672]. Theorem 1.4.6/2 was
proved by Kondrashov [447] for p > 1 and by Gagliardo [299] for p = 1.

In connection with the estimate (1.4.35) we note that multiplicative in-
equalities of the form

1—
IVjulle, < cllVaullz, ullz”

and their modifications are well known (see I'in [393] and Ehrling [257]).
Their general form is due to Gagliardo [300] and Nirenberg [640] (see also
Solonnikov [717]). The papers by Gagliardo [300] and Nirenberg [640] contain
the following theorem.

Theorem 1. Let {2 be a bounded domain having the cone property and let
1/0
o = ([ 1ur a)
9]

(Viuhg < c((Viuhp + (uhe) " (uhr ™, (1.4.54)

wherep > 1, 1/qg=j/n+7(1/p—1/n)+ (1 —7)/r for all 7 € [j/1,1] unless
1 <p<ooandl—j—n/pis a nonnegative integer when (1.4.54) holds for
Telj/l).

for o > 0. Then



1.5 More on Extension of Functions in Sobolev Spaces 87

In the paper by Nirenberg [641] the stated result is supplemented by the
following assertion.

Theorem 2. Let 0 <0, s = [-n/o], —a =s+n/o and let
{(u))y =sup|Vsu| fora=0, {(u))s = [Vsul]o for a >0,

where

[fla =sup |z —y|~*|f(z) — f(y)|
TH#Y

Further, let 1/r = —8/n, 8 > 0. Then (1.4.54) holds for 8 < j <l and for
all T €[(j—B)/—P),1], except the case mentioned in Theorem 1.

The proof is reduced to derivation of the inequality

1o < o [ 0 o g s

for functions of the variable z on a unit interval .#.

1.5 More on Extension of Functions in Sobolev Spaces

1.5.1 Survey of Results and Examples of Domains

In Sect. 1.1.17, we introduced the class EVpl of domains in R" for which there
exists a linear continuous extension operator & : Vpl(.Q) — ‘/X(R”). There we
noted that the class EVpl contains Lipschitz graph domains.

Vodop’yanov, Gol’dshtein, and Latfullin [779] proved that a simply con-
nected plane domain belongs to the class EV3 if and only if its boundary is a
quasicircle, i.e., the image of a circle under a quasiconformal mapping of the
plane onto itself. By Ahlfors’ theorem [30] (see also Rickman [678]) the last
condition is equivalent to the inequality

|z — 2| < clx —y|, ¢=const, (1.5.1)

where x, y are arbitrary points of 0f2 and z is an arbitrary point on that
subarc of 2 which joins « and y and has the smaller diameter.
We give an example of a quasicircle of infinite length.

Ezample 1. Let Q be the square {(x1,22);0 < z; < 1,7 = 1,2}. We divide
the sides of the square () into three equal parts and construct the squares
Qiy, 11 =1,...,4, Q;; NQ = &, on the middle segments. Proceeding in the
same manner with each @);,, we obtain the squares Q;, ;,, t2 = 1,...,4 with
edge length 372. Repeating the procedure, we construct a sequence of squares
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le

Fig. 6.

{Qirig,...iny (k=1,2,...;i, =1,...,4), whose union with @ is denoted by 2
(see Fig. 6). Clearly,

m1(002) = 4%3’“*1(2/3)’“ = o0.

k=1

Let z,y € 0f2. It suffices to consider the case x € 0Qy,, . ;. and y €
0Qj, ...j. where iy = j1,..., i = ji, 111 # ji+1. Then |z —y| > 137! and
any point z in (1.5.1) satisfies the inequality |z — y| < 37!, Thus, 912 is a
quasicircle.

A domain in R? which is bounded by a quasicircle belongs to the class
EVpl for all p € [1,00), | = 1,2,... (cf. Gol’dshtein and Vodop’yanov [320]
for I = 1, Jones [404] for [ > 1). In the just-mentioned paper by Jones, a
class of n-dimensional domains in EV}! is described. It is larger than C®' and
coincides with the class of quasidisks for n = 2. Gol’dshtein [313] showed that
the simultaneous inclusion of a plane simply connected domain {2 and the
domain R?\ (2 in EV;} implies that 0f?2 is a quasicircle.

Is the last property true under the single condition {2 € Evpl for some
p # 27 In other words, are quasidisks the only plane simply connected domains
contained in EVIf, p # 27 This question is discussed in the present subsection.

We give two examples which speak in favor of an affirmative answer. The
first shows that “cusps” directed onto the exterior of a domain do not allow
us to construct an extension operator.

Ezample 2. Let 2 = {(z1,22) : 0 < 21 < 1,0 < z2 < 2§} where o > 1.
Suppose 2 € EV]}. Then V() C V}7H(2) for 1 < p < 2, ¢ = 2p/(2 - p);
V3(2) € V}/7H(2) for any ¢ < oo and V}(£2) C C!=11=2/() for p > 2.
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Let u(x) = aslfﬁ. If 8 < (a+1)/p, then u € V(£2). Under the additional
condition that g is close to (o 4+ 1)/p the function u does not belong to
ViH(82) (p < 2,g = 2p/(2 —p) or p =2, q is a large number) and does not
belong to C'=11=1/P(2) (p > 2). Thus, 2 ¢ EV}.

The following example excludes domains with inward cusps at the bound-
ary from EVpl, p > 1. It shows, incidentally, that the union of two domains in
EVpl is not always in the same class.

FEzample 3. Let (2 be the domain considered above. We shall prove that
R2\2 ¢ EV!. We introduce polar coordinates (r,) with origin z = 0 so
that the ray 8 = 0 is directed along the halfaxis ;7 > 0, zo = 0. We put
u(z) = r'=Py(0)n(z). Here, 3 satisfies the inequality 5 < 2/p and is close to
2/p; n € C°(R?), n(x) =1 for r < 1 and ¢ is a smooth function on (0, 27],
¥(0) = 1 for small values of § > 0 and 1(f) = 0 for 6 € [, 2n]. Let v € V(R?)

be an extension of u € ‘/Z(R2\(_2). Since for small positive values of x;

o'ty a 1-8 o1y
aTl—l(xl’ml) >cry az—ll_l(xho):(h
it follows that
oo P 5/ pal oo P day
/ o210z, Z/ (/ oo d”) a(p=1)
10Ty 0T2 0 0 ry 0T2 ]
| al—1 p
o' v dz,
> ——(z1,2¥)| —F——
_/0 &cll_l( b i) 2@

1
> C/ H7PPEDED g o
0

if p > 1. The latter contradicts the inclusion v € EVpl(.Q). Thus R2\(2 ¢ EVZf
for p > 1. Nevertheless, we shall show that R?\2 € EVil. Let u € Vi}(R?\2).
Suppose for a moment that u = 0 for x; > 1/2.
We put u™(z) = u(z1, —x2) and u™ (x) = u(wy, 22 — z2) for x € Q. Tt is
clear that
||“ Hvll(rz) + ||“+Hv11(9) < dullvy ra\2)-

The function v, defined in R? by
ul(x), x & (2,
o@y=" i
u () + x2x] *(ut(z) —u ™ (x)), x € L2,

is absolutely continuous on almost all straight lines parallel to coordinate axes.
Also,

IVl 2y < ||VU7HL1(Q) + "vu+||L1(Q) +efar*(ut - “7)HL1(Q)'
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Since
lut(z) — u_(a:)’ < ’u+(x) —u(zy,29)| + Ju(zy, 2f) — u(xl,O)’

+ {u(xl, 0) —u™(x)

)

we have

Hzl_a(“+ _u_)HLl(Q)

2
xfa/l |u;r(x1,t)‘dt‘

= + oy (u(@1, 27) _u(xho))HLl((Z)

L1(£2)

zy
+ x;“/ |lug (w1, 1)] dt
0

Li(£2)
1
< Hu+||\/11(!2) + H“_Hvll(n) +/0 |u(21,27) — u(z1,0)] das.

Clearly, the last integral does not exceed c||u||V11 (R2\0)- We put Spu = v. Thus
we have

[6oullv@ey < cllullvi@a\g)-

In the general case we introduce a truncating function n € C*°(R!) equal to
unity on (—oc,1/3] and to zero on [1/2,4+0c0). Further, let £, = 2N {1/3 <
x1 < 1}. The required extension operator & : V}(R?\§2) — Vi}(R?) is defined
by

Eu = &(nu) + & ((1— n)u),

where & : V{1 (R?\(21) — V{(R?) is a linear continuous extension operator.

In general, for p € [1,00), I = 1,2,..., Poborchi and the author proved
[576, Chap. 5] the existence of a linear bounded extension operator mapping
VL(R2\2) into the space V/(R?, o) with the weighted norm

i 1/p
(/ > |VSUI”de> , 1<p<oo,
R? s=0

where o is a function which is equal to unity outside {2 and coincides
with xgi‘*l)(lp D on 0. Moreover, if there exists an extension operator:
VL R2\2) — V!(R%*0) and the weight o is nonnegative, depends only on

x1 on {2 and increases then

(lafl)(lpfl), ¢ = const,

o(z) <cx

for z € 2 and for small enough x;.
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1.5.2 Domains in EV;} which Are Not Quasidisks

The examples in Sect. 1.5.1 suggest that the class of Jordan curves that bound
domains in F V;f consists of quasicircles only. However, we shall show that this
conjecture is false.

Theorem. There exists a domain 2 C R? with compact closure and Jor-
dan boundary such that:

(o) 002 is not a quasicircle.

(B) 092 is of finite length and Lipschitz in the neighborhood of all but one
of its points.

(7) £2 belongs to EV,) forpe([1,2).

(6) R?\§2 belongs to EV,} for p > 2.

(From the aforementioned theorem by Gol’dshtein [313] and from the con-
ditions (), (v), and (§) we obtain in addition that 2 ¢ EV,! for p > 2 and
R2\2 ¢ EV,} for p € [1,2].)

Before we prove this theorem we recall a well-known inequality that will
be used later.

Lemma 1. Let {2 be a sector defined in polar coordinates by the inequalities
0<0<aand0<r<a. LetueW)(12), ul—q =0 for p>2. Then

u

r

P
L) 2=l

N

||VU||LP(Q)~ (152)

This estimate is an immediate corollary of the following particular case of

Hardy’s inequality:
a a
/ |u|Pr! =P dr < P / |u/|Prdr
0 12 —plP Jo

Proof of Theorem. Figure 7 presents a domain {2 satisfying the conditions
(a)=(8). The corresponding upper and lower “teeth” come close so rapidly
that (1.5.1) does not hold. So 942 is a quasicircle. The “teeth” almost do not
change their form and decrease in geometric progression, so () holds.

Now we verify (7). Let G be the difference of the rectangle R = {—1/3 <
z1 <1, 0 < 2 < 1/3} and the union T of the sequence of isosceles right
triangles {t1 }x>o (cf. Fig. 8). The hypotenuse of tj, is the segment [27*~1 27F].

(cf. Sect. 1.3).

Lemma 2. There exists a linear continuous extension operator &1
VI(G) — VI (R), 1 < p < 2, such that &u = 0 almost everywhere on the
interval zo =0, 0 < z1 < 1.

Proof. Since “the saw” {z € 9T, x5 > 0} is a curve of the class C' %!
there exists a linear continuous extension operator V) (G) — V,} (R). Let v be
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an extension of u € Vp1 (@). We introduce a truncating function 6 which is
equal to unity on G and to zero almost everywhere on the interval x5 = 0,
0 < z1 < 1. Namely, we put 6 = 0y on the triangle t;, where

0. — {% arctan% for 27F1 <y < 3.27F2,
e =

4 ke ke
;arctanzkzl for 3-27F2 <o) < 27k,

Clearly,
V0| < e(dyt +di ) (1.5.3)

on ty, where di(z) is the distance from z to the point 9 =0, 1 = 27k,
The required extension of u is fv. To prove this we need to verify the

inequality
||V(0v)||Lp(T) < dIVollvi(r)- (1.5.4)

We have
HV(%)HLP(T) < IVollz, @) + [0Vl cr)-

By (1.5.3),

1090I1Z,zy < €D (ldi ol iy + Niavllz, ),
k>0
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where t$ and ¢, are the right and left halves of ¢;. Since 1 < p < 2, then
-1 k
||dk UHLp(t,j) < C(”VUHLP(t;:) +2 ||U||Lp(t;§))'

The same estimate holds for ||d,:i1v|| L0 Consequently,

v |IP
IV, < (1901, | 1] (T)).
Applying Lemma 1, we obtain
v
I < c|vllvr(ry-
111z, )
Thus, (1.5.4) as well as Lemma 1 are proved. O

Clearly, the domain 2, = {z € 2 : x3 > 0} (cf. Fig. 8) can be mapped
onto the domain G in Lemma 2 by a quasi-isometric mapping. Therefore,
any function in Vp1(9+) has a norm-preserving extension onto the upper-
halfplane that vanishes on the halfaxis Ox;. Applying the same reasoning to
2 = 2\, we conclude that (y) holds.

Now we verify (0). Let S = {z: 0 < 21 < 1,0 < 22 < 21/3}. Let oy,
k = 0,1,..., denote the components of the set S\T (cf. Fig. 8), and let v
denote the union v; U vi4+1 of legs of the triangle 0. Further, let f/pl(T) be
the space of functions u € Vpl(T ) that satisfy the following condition. The
limit values of u out of the triangles t; and tx;; coincide in their common
vertex for k =0,1,.... We equip f/pl(T) with the norm of V,}(T).

Clearly, (¢) follows immediately from the next lemma.

Lemma 3. There exists a linear continuous ertension operator &

VHT) — V.X(S) with p € (2,00).

Proof. Consider the rectangle @ = {(z,y) : 0 < 2 < a,0 < y < b} with
vertices O, A = (a,0), B = (0,b), and C = (a,b). Let the function w € VZ,
p > 2, be defined on the triangle OAC and let w(0) = 0.

We shall show that there exists a linear extension operator w — f € V;f (@)
such that f(0,y) =0 for y € (0,b) and

1fll2e(@ < lwllL,0ac)
IVFlz, @ <clVwlr,0ac)-

Here, c is a constant which depends only on a/b and p. Clearly, we may assume
that @ is a square. We construct an even extension of w across the diagonal
OC to the triangle OBC'. By 1 we denote a smooth function of the polar angle
such that n(f) = 1 for < w/4 and n(7/2) = 0. Since w(0) = 0, it follows by
Lemma 1 that

lr~twllL, @) < ellVwllL,@)»
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where 7 is the distance to the point O. Hence f = nw is the required extension.
_ Using the described procedure, we can construct an extension vy of u €
V,(T) to the triangle o} such that v (27%,y) = w(27%,0) and

HkaLoc(Uk) < ||UHL00(tkUtk+l)’

Vel L, 00 < 6 VUL, t00ts0)

where k = 1,2,.... For £k = 0 we obtain an extension vy of u to the triangle
oo satisfying similar inequalities, where t;, U t;41 is replaced by tg.
We define an extension of u to S by v =u on T, v = v; on oy. Clearly,

IVoll,s) + vl < c(IVullz, o + llulloom)- (1.5.5)
From the integral representation (1.1.8) it follows that

dy
lz —y|

oscu < c/ |Vu(y)|
tr th

Consequently,
oscu < 27k(=2/p) ||VU||Lp(tk)'
k

Thus the right-hand side in (1.5.5) is equivalent to the norm in ‘7p1 (T). The
lemma is proved. O

1.5.3 Extension with Zero Boundary Data

Let G and §2 be bounded domains in R™, 2 € EV/. Let f/pl(G) denote the
completion of 2(G) with respect to the norm in VZf(G). If 2 C G then,
multiplying the operator & : VZf(G) — Vpl(]R”) by a truncating function n €

2(G), n = 1 on {2, we obviously obtain a linear continuous operator & :
Vpl(Q) — Vpl(G). If 2 C G and the boundaries 0G, 92 have a nonempty

intersection, then proving the existence of & becomes a nontrivial problem.
Making no attempt at a detailed study, we shall illustrate possibilities arising
here by an example borrowed from the paper by Havin and the author [568].
In that paper, the above-formulated problem appeared in connection with
certain problems of approximation in the mean by analytic functions.

Let £2 and G be plane domains such that {2 € EVP1 and {2 C G, and let the
origin be the only common point of intersection of the disk Br = {ge!? : 0 <
o < R} with G\ (see Fig. 9). If R is sufficiently small, then Bg N (G\{?) is
the union of two disjoint domains w; and ws. We assume that the intersection
of any circle |z| = g, 0 € (0, R), with each domain w; (j = 1,2) is a single
arc. Let this arc be given by the equation z = gel? with 6 € (a;(0), 3(0)),
where a; and ; are functions satisfying a Lipschitz condition on [0, R], and let
06 (@) € 902, pelPi(9) ¢ 9G. Further, let 0;(0) = Bj(0)—a;(0), (o) = 0d;(0).
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N0

Fig. 9.

Theorem. The following properties are equivalent. )
(1) The function u € L,(£2) can be extended to a function in V,}(G).

(2) |
/R |u(gel@i(e))|P
o [(e))rt

(Here u(0e'®i(9) is the boundary value of u at the point pe'®i(@) € 982. This
boundary value exists almost everywhere on 052.)

do < o0. (1.5.6)

Proof. Since 2 € EV,}, then to prove that (2) implies (1) we may assume
that u has already been extended to a function in V,!(B), where B is a disk
containing G.

Let 7 satisfy a Lipschitz condition on the exterior of |z| = R, n = 0 on
R2\G, n =1 on 2 and n(ge?) =1 — (0 — a;(0))/5;(0) for g’ € w;, j =1,2.
Clearly, for 0 € (a;(0), 3;(0)),

Bi(e)
[u(ee”) —u(oc @) < [
a;(e)

Bj(e) "
< g/ " |(Vu)(0e)| db
aj o

ou

T (0e'®)|do

Bi(e) ) 1/p
< g[aj(g)]“"”/p</‘( ) |(Vu)(ge’9)|pd9) L(1.5.7)

Thus

u(oe)P (  u(ges @)
————pdodf < c( [|Vulf —|—/ ———do.
/ P IVelz,w) * J) i@p
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We can easily deduce that the preceding inequality implies un € ‘o/pl (G).
Ifue f/pl(G) then by (1.5.7)

R |u(geio‘j(g))|P
/0 7[@(,9)]7’_1 do < Hquip(wj)-

Since 1;(p) < 2w, it follows that the condition (1.5.6) with p > 2 cannot
be valid for all u € V,/(§2) and hence the operator & does not exist. The
same holds for 1 < p < 2 provided [;(0) = O('*¢), € > 0. In fact, the
function u € V,}(£2), defined near 0 by the equality u(gel’) = o'*9=2/P with
0<d <e(p—1)/p does not satisfy (1.5.6).

Now let 1 < p < 2 and [;(p) > cp, ¢ > 0. Using an estimate similar
to (1.5.7), we arrive at

r iaj(0))|P dQ p =117
[ e 2 < el o+l )

which together with Hardy’s inequality (1.5.2) shows that (1.5.6) is valid for
all u € V,)(£2). Consequently, for p € [1,2) and [;(0) > co the operator &
exists. O

1.5.4 Comments to Sect. 1.5

P. Jones [404] introduced a class of so-called (g, d) domains and showed that
these domains belong to Esz for p e [1,00] and [ = 1,2,.... For ¢ € (0, 00),
0 € (0,00], 2 C R" is an (¢,0) domain if any points z,y € 2 with |z —y| < ¢
can be joined by a rectifiable arc v C {2 such that

Uy) <lz—ylfe,  dist(z,002) 2 el — zlly — 2[/|z — yl,

where £(v) is the length of v and z € + an arbitrary point. It should be
noted that Jones” bounded extension operator V,/(£2) — V/!(R™) depends on
[ (while that of Stein does not). Any domain in C%! with compact closure
is an (g,0) domain for some €,d and for n = 2 the class of simply connected
(¢,0) domains coincides with the class of quasidisks [404]. It is interesting
to observe that multidimensional domains with isolated inward cusps satisfy
Jones’ theorem and hence lie in EV;} for all p > 1 and I = 1,2,... (cf.
Example 1.5.1/3). Fain [267] and Shvartsman [698] extended Jones’ theorem
to anisotropic Sobolev spaces, and Chua [188] extended the result of Jones
to weighted Sobolev spaces. We also mention here the paper by Rogers [680],
where a bounded extension operator VZf(Q) — VZf(R”), independent of [, p
was constructed for an (e,d) domain.

Romanov [681] showed that the role of the critical value 2 in Theorem 1.5.2
is related to the particular domain dealt with in this theorem. He constructed
a planar fractal domain (2 such that 2 € EV,! for p € [1,¢) and 2 ¢ EV,!
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for p > ¢. In [803], S. Yang constructed an example of a homeomorphism of
R™ such that the image of R’} is in EVp1 for all p > 1, but does not satisfy P.
Jones’ condition [404]. In particular, it is not a quasidisk if n = 2.

P. Shvartsman [700] described a class of EW] domains £2 C R whenever
p > n. Suppose that there exist constants C' and 6 such that the following
condition is satisfied: for every z,y € {2 such that |z — y| < 6, there exists a
rectifiable curve v C {2 joining x to y such that

/ dist(z,002) 7 1 ds(z) < Clw — y|v 1. (1.5.8)
.

Then (2 is an EWé domain for every [ > 1 and every q > p.

For [ =1 and g > p this result was proved by Koskela [454].

Buckley and Koskela [148] showed that if a finitely connected bounded do-
main 2 C R? is a EWZ} domain for some p > 2, then there exists a constant
C > 0 such that for every x, y € {2 there exists a rectifiable curve v C (2
satisfying inequality (1.5.8) (with n = 2). Combining this result with Shvarts-
man’s theorem [700] one obtains the following fact. Let 2 < p < co and let £2
be a finitely connected bounded planar domain. Then {2 is an EI/VP1 domain
if and only if for every x,y € {2 there exists a rectifiable curve v C 2 joining
x to y such that

/dist(z7 902)77 ds(z) < Ol — y|p 7, (1.5.9)
.

with some C' > 0.

Here we mention some results by Poborchi and the author [575] on the
extension of Sobolev functions from cusp domains. A typical domain with the
vertex of an outward cusp on the boundary is

R={zx=(y,2) eR":2€(0,1), |y <¢(z)}, n=>2,

where ¢ is an increasing Lipschitz continuous function on [0,1] such that
©(0) = lim,_,0¢'(2) = 0. Cusp domains are generally not in EVX, but it is
possible to extend the elements of VIf(Q) to some weighted Sobolev space on
R™.

Let o be a bounded nonnegative measurable function on R™, which is
separated away from zero on the exterior of any ball centered at the origin.
By V! ,(R™) we mean the weighted Sobolev space with norm

l
lullv: @y = Y lo Vil L, @)
k=0

Clearly this weighted space is wider than VIf(R"). The following assertion
gives precise conditions on the weight o.
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Let {2 have an outward cusp as above. In order that there exist a linear
continuous extension operator V!(£2) — V!, (R") it is sufficient and if o(x)
depends only on |z| and is nondecreasing in the vicinity of the origin, then it
is also necessary that

ey < fea D))ty
> C(<P(|x‘))l|10g(@ﬁlﬁ|))|(l_p)/p if lp: n—1,

|]

in a neighborhood of the origin, where ¢ is a positive constant independent
of x.

Let p € (1,00) and [ = 1,2,.... We now give sharp conditions on the
exponent ¢ € [1,p) such that there is a linear continuous extension operator
Vpl(_Q) — Vql(]R") for the same (2. This extension operator exists if and only

)

if
148\ (B=D g
/o<w<t>> TS
where
1/g—1/p=1(B-1)/(B(n—1)+1) forlg<n-—1
and

1/g—1/p=(n—-1)(B—-1)/np forlg>n—1.
In the case lg = n — 1 the factor |log(¢(t)/t)|” should be included into the
integrand above with

vy=01-1/9)/(1/p—1/q),  B=(p—aq)/(a(n—1)).

Example. Power cusp. Let o(z) = ¢z, A > 1. A linear continuous exten-
sion operator VIf(Q) — Vql (R™) for ¢ < p exists in the following cases.

1° lg<n—1and
¢ >p P HIN-1)/(1+ An—1)).
2° lg=n —1 and either the same inequality as in 1° holds or
¢ '=pt+IA-1)/(1+An—-1)) with2g ' <1+p L

3° lg>n—land gt >p t(1+(A=1)(n—-1)/n).

Various results on extensions of functions in W} (£2), with deterioration of
the class can be found in Burenkov’s survey [156]. Finally we note that prop-
erties of extension domains for functions with bounded variation are discussed
in Chap. 9 of the present book.
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1.6 Inequalities for Functions with Zero Incomplete
Cauchy Data

Consider the following question. Are any restrictions on {2 necessary for
Sobolev’s inequalities to be valid for functions in W) (£2) that vanish at 92
along with their derivatives up to the order k—1 for some k < [? To be precise,
we mean functions in the space V! (£2) N W} (£2).

Obviously, no requirements on {2 are needed for £ = [. In the following,
we show that the same is true if k satisfies the inequality 2k > [. This result
cannot be refined, for in the case 2k < [ some conditions must be imposed.

The validity of Sobolev’s inequalities for I < 2k follows from the integral
representation for differentiable functions in an arbitrary bounded domain,
which is derived in Sect. 1.6.2. The necessity of requirements on 9f2 in the
case [ > 2k is shown by an example (cf. Sect. 1.6.4).

1.6.1 Integral Representation for Functions of One Independent
Variable

Lemma. Let k and [ be integers 1 < 1 < 2k and let z € W}(a,b) N ‘o/lk(a,b).
Then .
2= (1) :/ A (t,7)20 (1) dr, (1.6.1)
a

where

HQ[Z/Q}_l(%—%aa_b) fort > T,

H(t,7) = -
{HQ[Z/Q}—l(a-Zb—a%—) fO’f' t < T,
and Ily;_1 is a polynomial of degree 21 — 1, defined by
Hgi_l(s) + Hgi_l(—s) =1

and the boundary conditions

My (~1) = - = I (~1) = 0.

Proof. Let [ be even, [ = 2q. Consider the boundary value problem
Y (z) = f(x),  yP(£D) =0, j=0,1,...,¢—1, (1.6.2)

on the interval [—1, 1]. Let g(x, s) denote the Green function of this problem.
Clearly, g(—z, —s) = g(x, s) and g(z, s) is a polynomial of degree 2q — 1 in x
and s for * > s and = < s. First, let z > s. The derivative %4~ !g(z, s)/0x?4~!
does not depend on x; it is a polynomial of degree 2¢ — 1 in s and satisfies the
boundary conditions (1.6.2) at the point s = —1. We denote this polynomial

by Il2¢—1(s).
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In the case z > s, i.e., —xz < —s, we have

82(1—1 82(1—1
WQ(JZ, S) = W I:g(—.'L', —8)] = —ng_l(—S).

Hence, differentiating the equality
1

v@) = [ g5y (s)ds,
-1

we obtain
Y291 (5 / Iag1(s)y20( ds_/ ag1(—5)y9(s) ds.

Passing to the variables ¢, 7 via

2t—a—0b 2r—a—2>b
r=—" §= ——-—,

b—a b—a
and setting z(t) = y(z), z(7) = y(s), we arrive at

b
b—2
7/ qu_l(a: T)z@@(r) dr. (1.6.3)
t —a

The lemma is proved for I = 2¢. In the case | = 2¢+1 we express (z')(24=1
in terms of (2/)9 by the formula just derived. This concludes the proof of
the lemma. O

Remark. For i = 1,2, 3, the polynomials I15;_; are

()= 5(s+1),  ITa(s) = 32— s)(s +1)%
s (s) = 116(33 054 8)(s+ 1),

1.6.2 Integral Representation for Functions of Several Variables
with Zero Incomplete Cauchy Data

The basic result of this section is contained in the following theorem.

Theorem. Let | be a positive integer, | < 2k, and let u € LL(2) NVE(£2).
Then for almost all x € {2

Dlu()= > /Kﬁ,yxyDu()| dnl (1.6.4)

{B:18|=1}
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Here, v is an arbitrary multi-index of order | — 1 and Kg_ is a measurable
function on 2 x £2 such that | Kg (x,y)| < ¢, where ¢ is a constant depending
only on n, I, k.

Proof. First suppose that u is infinitely differentiable on an open set w,
w C §2. Let L be an arbitrary ray, drawn from the point z; let § be a unit
vector with origin at  and directed along L, y = x + 76, 7 € R!. Further, let
m(x,0) be the first point of intersection of L with 9f2. We also introduce the
notation

b(x,0) = |7T(a:, 0) — x|, a(z,0) = —b(z, —0).
Since u € VF#(£2) and Vju € L1 (£2), the function
la(z,0),b(z,0)] 27 — 2(7) = u(z + 76),

satisfies the conditions of Lemma 1.6.1 for almost all ¢ in the (n — 1)-
dimensional unit sphere S"~!. So, from (1.6.3) it follows that

_ 0 27 —a(x,0) — b(x, 0
P 1)(0) — /( ’ H2[1/2]1< e (9) _)a(x (9) )>z(l)(7) dr

b(@0) a(z,0) +b(z,0) =21\
_/0 H2[l/2]1< b, 0) — a(z.0) )z (r)dr. (1.6.5)

We note that

A= Y D pry,

!

{v:|lv|=l-1}
Let v be any multi-index of order ! — 1 and let {P, ()} be the system of all
homogeneous polynomials of degree [ — 1 in the variables 64, ..., 6, such that

/SH Py (6)6” dsg = 6.,

Before proceeding to further transformations we note that the function
(x,0) — |m(x,0)—x| can be considered as the limit of a sequence of measurable
functions on 2 x S"~! if 2 is approximated by an increasing nested sequence
of polyhedrons. Hence, a and b are measurable functions.

Let r = |y—z|,i.e., 7 =7r,if 7 > 0and 7 = —r, if 7 < 0. We multiply (1.6.5)
by P, () and integrate over S™!. Then

(1— 1)

TD,YU(I')

b(z,0) a(x,0) + b(z,0) — 21\ du(r,0)
— P 11 ’ : ’
/Sn1 7(9) dSG/O 2[1/2]-1 ( b(l’, 9) — G/(.’L', 9) ) orl dr

—a(z,9) 2r + a(z, 0) + b(x, 0) du(r, —6)
Py(6)d —1)l. - ’ . ’ dr.
+/snfl v (0) dsg ./0 (=1) My /9)—1 ( b(z, 0) — alx, 0) ) ol r
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Replacing @ by —6 in the second term and noting that a(z,6) = —b(x,—0)
and P, (0) = (=1)'"1P,(—6), we find that the first and the second terms are
equal, i.e., D7u(x) is equal to

(l__QZ')' /‘snil P’Y<9) d30

b(z,0) a(z,0) + b(z,0) — 2r\ ou(r,0)
H _ 9 b b d
/ A2 ( b(x,0) — alx,0) ) ot

a .’E,a b 1’,9 — &l
= —2ly! /nm Py((?)Hawz}—l( (b(x?;—(a(x{Q)Q >

where 2(z) = {y € 2 : 0 € S" ' r < b(z,0)}. Let Kg(z,-) denote the
function

219!
3!

extended to 2\2(x) by zero. Then (1.6.4) follows for z € w.

Now we remove the assumption that u is smooth on w. Let u satisfy the
condition of the theorem. Clearly, u can be approximated in the seminorm
IViu| () by the functions that are smooth on @ and which coincide with
u near 0f2. This and the continuity of the integral operator with the kernel
|z — y|'"" Kz, (z,y), mapping L({2) into L(w), imply (1.6.4) for almost all
Z € w. Since w is arbitrary, the theorem is proved. 1

b(x,0) — b(x,—0) — 2r
PW(Q)U2[1/2]—1( (2.0) — b )9) )9[3

b(z,8) + b(x, —

1.6.3 Embedding Theorems for Functions with Zero Incomplete
Cauchy Data

Now we proceed to applications of Theorem 1.6.2.

Theorem 1. Let m, I, k be integers, 0 < m <1 <2k. Let p > 1 and let
ue WHR2)N V() forn < p(l —m). Then u € C™(R2), Viuu € Loo(£2) and

IVl ) < cd =PV 1|, ), (1.6.6)

where d is the diameter of §2. )
The embedding operator of Wzl)(Q) N VE(R) into VI7(£2) is compact.
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Proof. 1t is sufficient to assume d = 1. Iterating (1.6.4), we obtain the
following representation for DVu, |y| = m </,

Dru@) = [ 3 Qun(ep)D ulw) (1.6.7)

2 {8:181=1}

where Qg = O(r'=™="+1),if n # |—m and Qg, = O(log2r~—1), if n = [—m.

Applying Holder’s inequality to (1.6.7), we obtain (1.6.6). Since any func-
tion in V!(£2) can be approximated in the V/!(£2) norm by functions that
coincide with u near 0f2 and are smooth in @, we see that V,,u is continu-
ous in {2. Here, as in the proof of Theorem 1.6.2, w is an arbitrary open set,
@ C £2. Thus, (1.6.6) is derived.

We can construct a covering {#} of R” by balls with diameter §, with
a multiplicity not exceeding some constant which depends only on n. Let
2; = 2N A and let {n;} be a smooth partition of unity subordinate to
{8} such that V;n; = O(677). By (1.6.6),

IViullr.(2) < Cm?XHVm(mu) ||Lm(9,i)

< e8!yl ) + (@) [l .

It remains to note that, by virtue of (1.6.7), any bounded subspace of VIf(Q) N
VF(£2) is compact in VZ*I(Q). The theorem is proved. O

Further applications of the integral representation (1.6.4) are connected
with the results of Sect. 1.4.
Let m and [ be integers, 0 < m < [, p > 1 and let u© be a measure in 2
such that
pw(Bo(z) N 2) < Ko®, K =const, 0 <s<n, (1.6.8)

for any ball B,(z).

Let w be an open set, @ C 2, n > p(l—m) > n—s and ¢ =
ps(n—p(l—m))~!. Further, let L,(w, 1) be the space of functions on w which
are integrable with respect to p and Lg(£2, u,loc) = (1, Lq(w, ). By Theo-
rem 1.4.5 there exists a unique linear mapping =y : sz*m(ﬂ) — Lg(92, 1, loc)
such that:

(i) if v € V/7™(£2) and v is smooth on @, then yv = v on @;

(i) the operator y : V=™ (£2) — Lgy(w, p) is continuous for an arbitrary
set w.

Theorem 2. Let m, I, k be integers, 0 < m <l < 2k, p > 1, s >
n—p(l —m) >0 and let i be a measure in (2, satisfying (1.6.8). Then, for
any v € LL(2)NVF(R),

Vo), 0 < BNV, @), (1.6.9)

where ¢ = ps(n — p(l —m))~ L.
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The proof follows immediately from the integral representation (1.6.7) and
Theorem 1.4.5.

Theorem 3. Let m, I, k, p, q, and s be the same as in Theorem 2 and let
u be a measure in 2 satisfying the condition

lim sup o~ °u(B,y(x) N 2) = 0. (1.6.10)
g—>0 rER”

Then the operator YV, : W(£2) N VE(2) — Ly(£2, ) is compact.
Proof. Given any € > 0 there exists a number § > 0 such that

o *sup pu(By(z) N 2) <€

for o < §. We shall use the notation 7;, £2;, introduced in the proof of Theo-
rem 1. Clearly,

/ WVmul? du < CZ/ YV (miw)|* dps-
0 T J
This inequality and Theorem 2 imply
Y VmullL, (2 < cellViullL, @) + CE)ullyi-1 g)-

It remains to use the fact that a unit ball in W}(£2) N VF(£2) is compact in
ViEH(9). O

Remark 1. From Corollary 11.8 and Theorem 11.9.1/4 it follows that Theo-
rems 2 and 3 remain valid for n = p(I—m) if the conditions (1.6.8) and (1.6.10)
are replaced by

1
,u(BQ(gc) N Q) < K|log g|q(1_p)/p, 0<o< 3

lim sup |log Q|q<p—1)/1’,u(Bg(x) Nn$2) =0,
00 zeRrn

where ¢ > p > 1.

Remark 2. Sometimes assertions similar to Theorems 1, 2, and 3 can be
refined via the replacement of [|V,ullr (o) by ||(—A)l/2u||Lp(Q), where A is
the Laplace operator. Namely, for any bounded domain (2 and any function
u € Vi (£2) such that Au e L,(£2), 2p > n, we have

ullr.o () < e(diam )27/ || Aul|p, (o).

This inequality results from an obvious estimate for the Green function of the
Dirichlet problem for the Laplace operator, which in turn follows from the
maximum principle.
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Analogous estimates can be derived from pointwise estimates for the Green
function G,y (z, s) of the Dirichlet problem for the m-harmonic operator in an
n-dimensional domain (see Maz’ya [550, 558, 559]). For instance, for n =
56,7, m=2orn=2m+1, 2m+ 2, m > 2, we have

|G (,5)| < cla— s[> ¢ = c(m,n).
This along with Theorem 1.4.1/2 implies

yull,2.m < CEYI[A™ |, 0

where u € 10/27”((2); n > 2mp, p > 1 and u is a measure in {2 satisfying (1.6.8).

1.6.4 Necessity of the Condition I < 2k

Here we show that the condition | < 2k cannot be weakened in the theorems
of the preceding section. We present an example of a domain {2 C R" for
which V}(£2) N f/pk(()), l < 2k, is not embedded into Lo, (§2) for pl > n > 2pk
and is not embedded into L (£2) for n > pl.

Consider the function

pn/(n—pl)

vs(a) = (1 -6 2[a]?)",

in the ball Bs(0). Since vs vanishes on 0B5(0) along with its derivatives up
to order k — 1, then |V vs| < 6 kek=m for k> m in an ¢ neighborhood of
0Bs(0). It is also clear that |V,,vs5| = O(6~™) in B;5(0) and that |V,,vs| =0
for m > 2k + 1.

We denote by P and @) the lower and upper points at which the axis Ox,,
intersects 0B;(0), and construct the balls B.(P), B.(Q), € < 6/2. Let  be a
smooth function on R™ vanishing on By /5(0) and equal to unity on R™\ B1(0).
On B;(0) we introduce the function

w(z) = vs(x)n(e™ (z — P))n(e Hz — Q)),

and estimate its derivatives. On the exterior of the balls B.(P), B:(Q) we
have

|[Vjw| =0 forj> 2k, |V jw|=0(577) for j < 2k.
Also,
min{j,2k} ‘
|Vw| < e Z ™IV s
m=0

on B.(P)U B.(®). Hence
\Vjw| <es P~ j=0,1,....1,

on B.(P) U B.(Q). This implies
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Tn

Fig. 10.

IV 50l 3y 0y < €8 PFeP*=D for j > 2k.

5(0))

Similarly, since n > pk, we obtain that

910112, 5y 0y < (8777 + 67 PEED ) < 057 for < 2k,

(B5(0))
Therefore

||wH€/l Bs(0)) < C(5n 2pk+5 pk n—p(l— k))

We set ¢ = §%, where « is a number satisfying the inequalities

pk n — pk
_ _— 1.
n—p(l—k) <Ot<nf]0(lfk)7 @z
Then

Hw”VL(B (0)) < C(S

where 8 = a(n —p(l — k)) — pk > 0.

Consider the domain (Fig. 10) which is the union of balls %; with radii
d; and centers O;, joined by cylindrical necks %; of arbitrary height and with
cross-section diameter €1 = 4§*. In each ball %; we specify w, as described
previously and extend w; by zero to 2\%;. Then we put
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oo
= hawi(x), x€ L, (1.6.11)
where {h;} is the sequence of numbers such that

> " |hilPs] < oo. (1.6.12)

i=1

This condition means that u € VZ(Q). The partial sums of the series (1.6.11)

are functions in ‘O/][,k(ﬁ), and so u € f/pk(ﬁ). Since w; = 1 in the center of %;,
we have
[l Lo (2) = sup |hil-
K2

Clearly, the series (1.6.12) can converge as h; — oo. Therefore, \/Z(Q)ﬂ\?pk(ﬂ)
is not embedded into Lo, (£2).

In the case n > pl we put |h;|P = Jipfn. Then

el o) = €3 hal"0 = ¢ 31,
i=1 i=1

with ¢ = pn/(n — Ip). On the other hand,

|UHVL < 625

where v = (o — 1)(n — p(l — k)) > 0. So, if {d;} is a decreasing geometric
progression, then u € V!(2) N V,F(£2), whereas u ¢ Lq(£2).

The restrictions on {2 under which the Sobolev theorems hold for the space
VI(2) N VF(R2), 2k < 1, will be considered in Sect. 7.6.6.

1.6.5 Comments to Sect. 1.6

The content of the present section is borrowed from the author’s paper [553].

1.7 Density of Bounded Functions in Sobolev Spaces
1.7.1 Lemma on Approximation of Functions in L;(Q)

Lemma. If v € L,(§2) then the sequence of functions

o) () {min{v(a:),m} if v(x)

>0
max{v(x),—m} ifv (a:)g

(m=1,2,...,) converges to v in L;}(Q).
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The same is true for the sequence

v(z) —m™t ifv(x) >m™t
o) = {0 i lo()] < m~",
v(z)+m™t ifu(z) < —-m~hL

Proof. Since functions in L, (£2) are absolutely continuous on almost all
lines parallel to coordinate axes (Theorem 1.1.3/1), we have, almost every-
where in (2,

Volm = Mgy,

where (™) is the characteristic function of the set {z : |v(z)| < m~'}. There-

fore
/|V(v—v(m))|pdx:/ |Vv|p(1—x(m))pd:c.
o) Q

The convergence to zero of the last integral follows from the monotone con-
vergence theorem.
The proof for the sequence v(,,) is similar. |

1.7.2 Functions with Bounded Gradients Are Not Always Dense
in L;(Q)

Lemma 1.7.1 says that the set of bounded functions is dense in L, (§2) when-
ever p € [1,00). The following example shows that this set cannot be generally
replaced by L. (£2).

Ezample. Let p € (2,00) and {a;};>1, {€;: }i>1 be two sequences of positive
numbers satisfying

a1 +¢e1 < ]., Aji1 +5i+1 < aq, 7 > 1, hmaz = 0,
and
> a;7Pe; < o (1.7.1)
i>1

The planar domain {2 is the union of the square 2, = (—1,0) x (0, 1), the
triangle
2 = {(z,y) ER*:2 € (0,1), y € (0,2)},

and the passages
{(%y)3ye(aivai+5i)70§$§y}7 i=12,...

(see Fig. 11). Let u be defined on 2 by u(z,y) =i —11if (z,y) € £2;, i =1,2,
and u(z,y) = x/y if (z,y) € 2\ (1 U 2s).
Then u € L,(§2) because of (1.7.1) (in fact u € C(£2) N Loo(£2) N L)(£2)).

We shall show that u cannot be approximated by functions in L. (£2) in the
metric of the space L (£2).
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Y

P

L

Fig. 11.

Let v € Ll_(§2) be an arbitrary function. This function coincides with a
function in C(§2) a.e. on {2. Moreover, by Sobolev’s embedding theorem, there
is a constant K > 0, independent of v and v, such that

[VLw(2) + v = Uz < Kllv —ullry(o)- (1.7.2)

Using the absolute continuity of v on almost all line segments [(0,y), (v, y)]
with

y e U(aivai+5i)7 (1.7.3)
i>1
we obtain
Y ov
0@y y) —0(Oy)[ =] | F-(z.9)de| <yl Vol (o)
0 X
Thus

[u(y,y) —v(0,y)| < 1/2

for sufficiently small y satisfying (1.7.3). Hence the left-hand side of (1.7.2) is
not less than 1/2, and the quantity [|u—v||11(x) cannot be less than (2K)~1L.

1.7.3 A Planar Bounded Domain for Which L?(2) N Lo ($2) Is Not
Dense in L3(2)

According to Lemma 1.7.1, the subspace of bounded functions is dense in
L}(£2) for an arbitrary domain if p € [1,00). It turns out that this property
cannot be generally extended to Sobolev spaces of higher orders. In this section
we give an example of a bounded domain 2 C R? and a function f € L3(£2)
such that f does not belong to the closure of L(2) N L,(2) in the norm of
L3(£2) with arbitrary ¢ > 0. In particular, this implies that L2(£2) N Ly(£2) is
not dense in L2(£2) for p < 2.

First we establish an auxiliary assertion. Below we identify functions in
L? with their continuous representatives.
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Lemma. Let G be a planar subdomain of the disk Bgr, starshaped with
respect to the disk B,.. Then the following estimate holds for all f € L3(G):

|f(21) = f(22)| < c(IVaflria) + 12 — 22lr "2 fllr, ), (1.7.4)
where 21,2y € G, and the constant ¢ depends only on q and the ratio R/r.

Proof. It will suffice to consider the case r = 1 and then use a similarity
transformation. In view of Lemma 1.1.11 there is a linear function ¢ such that

If =l a) < cllVafllzi -
Hence by the Sobolev embedding L?(G) C C(G) we obtain two estimates
|[(f = O)(z1) = (f = O)(z2)] < el VafllLi (o),
10 iy (@) < IV f Loy + 1 llLo(e))-
Now (1.7.4) follows from the obvious inequality

|0(z21) = (22)| < elz1 = 22| 1] Lo 1.0y (@)

This concludes the proof of the lemma. O

We turn to the required example. Let {d;}i>0, {h:}i>0 be two sequences
of positive numbers satisfying 6; < 272 and

hi <exp(— (1+14)%/62), >0, (1.7.5)
lim §;2"® =0 for all b > 0. (1.7.6)

Next, let {A;}i>0 be th_e sequence of open isosceles right triangles with hy-
potenuses of length 2! =%, placed on the lines y = H;, where

Hy=2""7+Y (hy—6,), j=0,1,....

527

We assume that all vertices of right angles lie on the axis Oy under the
hypotenuses. Let I'; denote the intersection of dA; with the halfplane y >
H; 11+ h;. Clearly the distance between I; and I';1 is h;. By 2 we mean the
complement of |, I to the rectangle {(z,y) € R? : |z| < 1,0 <y < Ho},
(see Figs. 12 and 13).

Let n € C§°(—1,1) and n(t) = 1 for |[t| < 1/2. We now define f on {2 as
follows. For any strip

I ={(z,y) € 2: Hiy1 <y < H;}, >0,
f is given on II; N §2 by

(] — &)

| ;

flz,y) = signx(l +
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for (z,y) ¢ Ai,|x| > d;, and f(x,y) = x/d; for the remaining points of II;.
Clearly II; Nsupp(Vaf) is placed in the set

{(x,y) € Hi\Ai 10 < |l| < 271‘71}.

Furthermore, the following estimate holds for (z,y) € II;

IVaf| <c

max{2"(i + 1), (|| — d; + hi) '}
6;|log hi|

(here and in the following in this section ¢ is a positive constant independent

of 7). Hence

|log hi| + (i +1)?
IV2fl7,00) = Z IV2flZ, e,y < Z (8;loghy)2

>0

which is dominated by ¢ -, i~2 due to (1.7.5).
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We now prove by contradiction that f does not belong to the closure of
L3(2) N Ly(£2) in the norm of L3(£2). Let

=0\ <L>J1A‘)

Since £2 has the cone property, Sobolev’s theorem says that the space L?(£2y)
is embedded into C(£2y) N Loo(f20), and

[ulln o (20) < Kllullz2¢0y, K = const >0, (1.7.7)

for all u € L}(£2). Suppose that there exists a function g € L3(£2) N L,(£2)
subject to
1f = 9gllzz(0) < (2K)~"

Put AF = (F0;, Hiy1+hi), i > 0. Since f(A;) = —1, f(A]) = 1, the estimate
l9(47) —g(A7)[ =1

is valid in view of (1.7.7) On the other hand, an application of the above
lemma gives

clg(AF) = g(AD)| < IIV29llnyanm + 2772796 |gll o, aunm)-

This inequality in conjunction with (1.7.6) implies that
li AF) —g(A7)| =
7’iglo|g( % ) g( % ) | O’

and we arrive at the required contradiction.

1.7.4 Density of Bounded Functions in Li(ﬂ) for Paraboloids in
Rn

We have seen in the preceding section that bounded domains with a non-
smooth boundary may fail to have the property that the set Lf,(ﬂ) N Lo (£2)
is dense in Li(Q). It turns out that for unbounded domains this property may
fail even when (2 is very simple with smooth boundary.

Let f be a function in C1 ([0, 00)) such that f is positive on (0, 00), | f/(t)] <
const and f(t) — oo as t — oo. If f(0) = f/(0) = 0, we impose an additional
condition f/(¢) > 0 in the vicinity of ¢ = 0. Let

Q={(z,t) eR":0<t <oo, x| < f(t)}

(see Fig. 14). We call this domain an n-dimensional paraboloid.

In this section ¢ denotes various positive constants depending only on p,
n, and f. The following assertion gives a necessary and sufficient condition
for the space L2(£2) N Lo (£2) to be dense in L2(£2).



1.7 Density of Bounded Functions 113

Fig. 14.

Theorem. The space L2(§2) N Loo(£2) is dense in L2(£2),1 < p < oo, if
and only if

/ FO) P dt = co. (1.7.8)
1
(Clearly (1.7.8) holds for p > n.)

The proof of this theorem will be given at the end of the section. First we
establish three auxiliary assertions.

Lemma 1. Let u € L2(2) N Lo (£2),
FTZ{(m,t)EQ:t:T},
Qr ={(z,t):0<t<T, |z| < f(1)},

and

n ou
w(T) = f(T)! . o7 d-

Then for all T >0

oo . (p—1)/p 1/p
lw(T)| < c</ ft)»r dt> </ |Voul? dxdt) . (179
T 2\Q2r

Proof. We may assume that

/Oo F()7 dt < oc. (1.7.10)
1

Since
ou
w T = v~ 3 _ d )
() /| (FOE1)]_p €

gl<1 Ot
we have for S > T
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$) - w()
:/ dt/ﬂd%(ut(f(t)f,t))dg
- [ (Gruosn o5 twen ) o

By Holder’s inequality

|w(T) —w(S)]

(p—1)/p s 1/p
p 1 d d v ) pd .
= C</ £@) t) </T t~/|:r<f(t) [(V2u)(@ ) x)

Thus, the limit d = lim;_,~, w(t) exists and it suffices to deduce d = 0 to prove
(1.7.9). Consider the function % on (0, c0) defined by

a(t) = f(t)r " w(z, t)de = w(f(t)E,t) de.
t) = 1) /M(t) (a.1) /|s|<1 (F(1)&, 1) de
Putting v(¢,t) = u(f(t)€,t), we find

du _ f'(@)
i w(t) + 0

| eveena (L711)
|€1<1

Furthermore,

Vevdé = (1 - d dse,
/|€|<1£ evde={ n)/|£|<1v §+/I£I—1U *

where dsg is the area element on the sphere || = 1. Since v is bounded, the
second term on the right in (1.7.11) tends to zero as ¢ — oo. So we have
lim; oo @' (t) = d and d = 0 as long as 4 € L (0,00). This completes the
proof of Lemma 1. O

Lemma 2. Let (1.7.8) hold and let

F(p) :/0 (I[P + 71" P) f7 1 dt. (1.7.12)

Then inf F(p) = 0, where the infimum is taken over the set

{<p cp € C°(RY), p(t) =1 fort <1, (t) = 0 for large positive t}. (1.7.13)

Proof. First let p > n. Since f(t) < ct for large ¢, it will suffice to prove
the equality

inf/ (&P + )" ) en 1 dt = . (1.7.14)
1
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Consider the function n € C*®°(R!),n(t) = 1 for t < 1,n(t) = 0 for t > 2. By
setting ¢(t) =n(t/N),N =1,2,..., we obtain (1.7.14).
Let p < n. Since

£ < eI+ | (F71¢)

the functional (1.7.12) is majorized by

);

st e qpr=topn=t vy d
SRS o)

on the set (1.7.13). After passing to the new variable 7 = 7(t) given by

¢
= [ o0
1
the integral in (1.7.15) takes the form

6= [ TP+ ) dn e = o).

It remains to observe that G(v¥n) — 0, where Yy (1) = n(r/7(N)),N =
1,2,..., and 7 is the function introduced previously. This concludes the proof
of the lemma. O

The proof of the preceding lemma enables us to state the following asser-
tion.

Corollary. If (1.7.8) holds, then there exists a minimizing sequence
{on}tns1 for functional (1.7.12) such that oy € C®(RY),on(t) = 1 for
t < N,pon(t) =0 for large positive t.

Lemma 3. Let u € LIQ)(Q) For any € > 0 there exist a linear function ¢
and a function v € L2(£2) such that v(z,t) = £(x,t) for large t and

l[u— U||Lg(o) <Eé.

Proof. Let
Gy ={(z,t) e 2: N <t <N+ f(N)}.

By Lemma 1.1.11, there is a linear function ¢y satisfying
HV(u—EN)HLP(GN)—i—f(N)_lHu—€N||Lp(GN) < cf(N)IVaullL,(ayy- (1.7.16)
We put
nn(t) =n(l+(t=N)/f(N),  ov=(u—Lln)in+ Ly,

where 7 is the function introduced in the proof of Lemma 2. Clearly vy = u
for t < N and vy =€y for t > N + f(N). Next,
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CHVZ(U ”N>||L,,(Q)

<[la- nN)VQUHLp(Q) +[|[V(u— gN)“VnN”’LP(Q)
+ H(“ - €N>|V2UN|HLP(Q)'

Since
IVanl < ef(N)Y, [ Vanw |l < ef (V)72
and in view of (1.7.16), it follows that

[Va(u=vn)l; (o) < ellVaulr,@\en)-

The last norm tends to zero as N — oo, and we can set v = vy for sufficiently
large N. This establishes Lemma 3.

Proof of Theorem. Let (1.7.10) hold. We check that L2(£2) N Loo(£2) is not
dense in L2(£2). Let u,, € L2(£2) N Loo(£2) and w, — ¢ in the norm of L2(£2).
By Lemma 1

ou,

dx
rp Ot

<c(n,p, £, T)IVauy |z, 2y = o(l) asv — oo, (1.7.17)

We have u, — t in L?)(QQ \ £21). Since 25\ £2; € C%!, the spaces LIQ) and Vp2
coincide for this domain. Thus, by Sobolev’s theorem,
ou,
rp Ot

de - m,_1IT asv — oo

for almost all T' € (1,2). However, this contradicts (1.7.17).

Suppose (1.7.8) is valid. It will be shown that an arbitrary function u €
L2(£2) can be approximated by functions in L2(2) N Lo (£2). According to
Lemma 3, it is sufficient to assume that © = w + ¢, where £ is a linear function
and w(z, t) = 0 for large ¢. Since any domain 27 is of class C, Theorem 1.1.6/2
applies, and w can be approximated in LI%(.Q) by functions in C*°(£2) with
bounded supports. It remains to approximate the functions t,z1,...,T,_1.

Let {¢n} be the sequence from the Corollary preceding Lemma 3. We set

¢
vN(x,t):N—i—/ pn(s)ds fort>N
N

and vy (x,t) =t for t < N. Clearly vy € L2(2) N Loo(£2) and
V2t = o) /0 o (D7 £ dt = o(1) as N — oo.

To approximate z;,1 < j <n —1, we put wy(z,t) = zjon(t). Then

V265 = wn) oy S [ (il + 21 £

and a reference to the Corollary completes the proof. ]
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1.7.5 Comments to Sect. 1.7

Lemma 1.7.1 is due to Deny and Lions [234]. In connection with the contents
of Sect. 1.7.2, we need two definitions. Let Cp°(§2) denote the set of functions
in C°°(£2) with bounded gradients of all orders. A bounded domain 2 C R™
has the interior segment property if to every xz € 9f2 there correspond a
number r > 0 and a nonzero vector y € R" such that z + ty € {2 provided
0<t<1andze€ 2N B,(x). (Clearly domains of class C' have the interior
segment property.)

If £2 C R? is a bounded domain that is either starshaped with respect to a
point or satisfies the interior segment condition, then Cp°(42) is dense in V/(£2)
for p € [1,00) and [ = 1,2,.... This theorem is due to Smith, Stanoyevitch,
and Stegenga [707]. In particular, it gives sufficient conditions for the space
VL(£2) N Lo (£2) to be dense in V/(£2), 2 € R2. The just-mentioned result
fails for multidimensional domains.

Example 1.7.2, borrowed from Sect. 2.2 of the book by Maz'ya and
Poborchi [576], is analogous to Example 7.1 in the paper by Smith, Stanoye-
vitch, and Stegenga [707], which was constructed to show that the space
Cpe(£2) is not always dense in W) (£2) (see also O’Farrell [643]).

The contents of Sects. 1.7.3 and 1.7.4 are taken from the paper by Maz’ya
and Netrusov [572].

1.8 Maximal Algebra in W](£2)

1.8.1 Main Result

Let A be a subset of a Banach function space. The set A is called an algebra
with respect to multiplication if there is a constant ¢ > 0 such that the
inclusions v € A,v € A imply uv € A and |Jw|| < cllul|||v||-
Note that the space W}ﬂ = Wé(R") is not an algebra when ip < n,p > 1 or
Il < n,p=1. Indeed, if Wé were an algebra, the following inequalities would
occur:
(I A= [

L, w} SCHUHW}),

where u is an arbitrary function in Wzl, and N =1,2,.... By letting N — oo,
we can obtain

ullz.. < cllullw:-
Clearly, the last inequality is not true for the values p,l mentioned earlier.
Thus, Wé is generally not an algebra with respect to pointwise multiplication.
However, it is possible to describe the maximal algebra contained in Wé.
Namely, the following assertion holds.

Theorem. The subspace W) N Lo with the norm || - w1 o is the

mazimal algebra contained in Wé. In particular, the space Wzi is an algebra if
lp>n,p>lorifl>np=1.
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We need an auxiliary multiplicative inequality to prove this theorem.

Lemma 1. Let 1 <p < oo andl > 2 be an integer. For any u € VVZl)ﬂLOO
and any j =1,...,1 — 1, the estimate
1—j/1 i/l
1Vullz,,,; < clull " luliy, (18.1)
holds with ¢ independent of u.
We shall deduce Lemma 1 with the aid of another auxiliary inequality.

Lemma 2. Ifu € C§(R"),p € [1,00),1 < g < o0, and 2r ' =p~t 4471,
then s Lo
IVull, < el Vaull 2 llull

where ¢ is a positive constant depending only on n.

Proof. 1t is sufficient to assume p > 1 and ¢ < co. Then the extreme cases
p =1 or ¢ = oo follow by letting p tend to 1 or ¢ tend to co.

We remark that the required inequality is a consequence of the one-
dimensional estimate

b 3q
/|u’|r dz < ¢, (/u"|pdx) (/|uqu> (1.8.2)

with 277! = p~! + ¢7! and ¢y an absolute constant (the integration is taken

over R1). Once this estimate has been established, the result follows by inte-

grating with respect to the other variables and by applying Holder’s inequality.
Note that for any u € C§°(R?)

. pl_p—1 p—l =1l
2e1]|v/ |l o,y < BTl + il Hlullz g iy (1.8.3)

where ¢; is an absolute positive constant, ¢ an interval, and |i| its length. The
last estimate follows from (1.1.18) and the Holder inequality.
Inequality (1.8.2) is a consequence of the estimate

'

1/2 1/2
el |z, cay < Il 2l (1.8.4)

where A is an arbitrary interval in R! of finite length. The last is verified as
follows.

Fix a positive integer k and introduce the closed interval i of length |A|/k
with the same left point as A. Let us consider inequality (1.8.3) for this
interval 7. If the first summand on the right of the inequality is greater than
the second, we put ¢; = ¢. In this case

|A| 14+r—r/p 5
c{/ |u|" dz < (T) (/ |u"|P dx) . (1.8.5)
i R!

Suppose the first term on the right of (1.8.3) is less than the second. We then
increase the interval ¢ leaving the left end point fixed until these two terms are
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equal (clearly, the equality must take place for some ¢ with |i] < co because
14771 —p~1 > 0). Let i; denote the resulting interval. Then

b7 3
c?/ [u|" dx < (/ |u”pd33> (/ |u|qdw) . (1.8.6)
11 71 11

Putting the end point of 4; to be the initial point of the next interval, repeat
this process with the same k. We stop it when the closed finite intervals
i1,%2,... (each of length at least |A|/k) form a covering of the interval A. Note
that the covering {i1,42,...} contains at most k elements, each iy supporting
estimates (1.8.5) or (1.8.6) (with 41 replaced by 45). Adding these estimates
and applying Holder’s inequality, one arrives at

14+r—r/p z
c’{/ [u'|" dx < k(H> </ [u” P d:c>
A k
+ </|u”|pdx) ’ </|u|q dx) "

Now (1.8.4) follows by letting k — oo because 1 4+ r — r/p > 1. The proof of
Lemma 2 is complete. O

Proof of Lemma 1. It is sufficient to assume p < oco. First let u € C§°(R™).
If a; = ||Vjullpi/j, Lemma 2 implies a? <caj_1aj41 for j=1,...,1—1. By
induction on [, we obtain a; < ca(l)_J/laf/l
smooth functions v with compact support.
Turning to the general case u € Wé N Lo, we first assume that suppu is
bounded and consider a mollification u; of v with radius h. Since |Jup||co <

c|lulloo and by Lemma 1 applied to up we obtain

, and Lemma 1 is established for

i/l 1—5/1

IV 5unlz,,, < ellunlfys lullz?"".

Now passage to the limit as h — 0 gives the required inequality for u with
bounded support.

To conclude the proof of the lemma, we remove the assumption on the
boundedness of supp u. To this end we introduce a cutoff function n € C§°(Bs)
such that 0 < n < 1 and n|p, = 1. Let ni(x) = n(z/k),k = 1,2,.... An
application of Lemma 1 to the function uny yields

i/l 1—j/1

195l 30 < ellumlligy Tl "
It remains to pass to the limit as £k — oo to establish Lemma 1 in the general
case. ([

We now give a proof of the theorem stated previously.

Proof of Theorem. Let A be an algebra contained in Wzl,.
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As we have already seen at the beginning of the section A C Lo, N Wé.

To show that the space A = Ly N Wli is an algebra, we let u,v € A be
arbitrary. Then

l
IVi@w)l|,, < ed> [[1Viul - [Vigelll,
k=0

l
<c Z ||Vku||Llp/k ||Vl*k'vHLlp/(l—k')
k=0

by Holder’s inequality. It follows from Lemma 1 that
l
l—k)/l k/l k/l l—k)/l
Vi), < e S IlllE IVl oI5 10wl P,
k=0

and hence
Vi), < e(llullze IVl, + o]z Vouls,). (1.87)

which does not exceed cl||u|| 4]|v]|a. Thus, A is an algebra and hence the space
W}ﬁ N L is the maximal algebra contained in Wé.
Iflp>n,p>1lorl>n,p=1, then WIZ, C Lo by Sobolev’s embedding
theorem, and the space Wll) is an algebra for these p and [. This concludes the
proof. O

Let £2 be a domain in R™. We may ask whether the space W;,(Q) N L (82)
is an algebra with respect to pointwise multiplication. Clearly, for [ = 1 the
answer is affirmative. Since Stein’s extension operator from a domain 2 € C%!
is continuous as an operator

WL(2) N Loo(£2) — W)(R™) N Lo (R™),

the above question has the affirmative answer for finite sums of domains in
C%!. For example, 2 can be a bounded domain having the cone property.
However, it turns out that the space W;,(Q) N Lo (£2) is generally not an
algebra.

1.8.2 The Space WZ(£2) N L (£2) Is Not Always a Banach Algebra

Here we give an example of a bounded planar domain {2 such that W3 (£2) N
Lo (£2) is not an algebra.

Let £2 be the union of the rectangle P = {(x,y) : = € (0,2),y € (0,1)},
the squares P}, with edge length 27% and the passages Sj of height 27 and
of width 2% k£ =1,2,..., a > 1 (see Figs. 15 and 16). Define u = 0 on P,
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Fig. 15. Fig. 16.
u(z,y) = 23}“/2(31 —1)%2o0n S, k=1,2,..., and u(z,y) = 2k/2(2(y —1)-27k)
on P for k > 1. Straightforward calculations show that
2 24 (2—a)k 2
||v2u||L2(Sk) = 22+ (2-a)k, lu| <3, HVg(u )HLQ(P)«) =8.

Thus, if a > 2, then u € W2(§2) N Loo(£2), but u? ¢ WZ(£2).

1.8.3 Comments to Sect. 1.8

A general form of the inequality obtained in Lemma 1.8.1/1 is due to Gagliardo
[300] and Nirenberg [640]. The proof of Lemma 1.8.1/2 follows the paper
by Nirenberg [640] where it was also shown that Ls, N WT’; is an algebra.
A counterexample in Sect. 1.8.2 is taken from the paper by Maz’ya and
Netrusov [572].






2

Inequalities for Functions Vanishing
at the Boundary

The present chapter deals with the necessary and sufficient conditions for the
validity of certain estimates for the norm |lu||z (2 4), where u € 2(£2) and p
is a measure in {2. Here we consider inequalities with the integral

/Q [®(x, Vu)]p dz,

on the right-hand side. The function @(z, ), defined for z € {2 and £ € R, is
positive homogeneous of degree one in £. The conditions are stated in terms
of isoperimetric (for p = 1 in Sect. 2.1) and isocapacitary (for p > 1, in
Sects. 2.2-2.4) inequalities. For example, we give a complete answer to the
question of validity of the inequality

1/p
lullz, (2. < C(/ [@(m,Vu)}pdx) ,
%)

both for ¢ > p>1and 0 < ¢ < p, p > 1. In particular, in the first case there
hold sharp inequalities for the best constant C

pglr < ¢ < p(p—1)-P)/rgllp,

where y
u(F)Pra

=sup ——————,

= B o @)-cap(F. )

with the so-called (p,®)-capacity of a compact subset of {2 in the denomi-
nator. Actually, this is a special case of a more general assertion concerning
Birnbaum-Orlicz spaces.

Among other definitive results we obtain criteria for the validity of multi-
plicative inequalities of the form

g -5
el < CllEC VU o)1l (0
V. Magz’ya, Sobolev Spaces, 123
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as well as the necessary and sufficient conditions for compactness of related
embedding operators.

In Sect. 2.5 we give applications of the results in Sect. 2.4 to the spec-
tral theory of the multidimensional Schrodinger operator with a nonpositive
potential. Here the necessary and sufficient conditions ensuring the positiv-
ity and semiboundedness of this operator, discreteness, and finiteness of its
negative spectrum are obtained.

Certain properties of quadratic forms of the type

Oou Ou
/ @ (2) 5 B 4
n 7 i

are studied in Sects. 2.6.1 and 2.6.2. Finally, Sects. 2.7 and 2.8 are devoted to
sharp constants in some multidimensional inequalities of the Hardy type.

2.1 Conditions for Validity of Integral Inequalities
(the Case p = 1)

2.1.1 Criterion Formulated in Terms of Arbitrary Admissible Sets

A bounded open set g C R™ will be called admissible if g C {2 and 0g is a C'*
manifold. In Chaps. 5-7 this definition will be replaced by a broader one.
Let A4 (z) denote the unit normal to the boundary of the admissible set
g at a point z that is directed toward the interior of g. Let @(x,£) be a
continuous function on {2 x R™ that is nonnegative and positive homogeneous
of the first degree with respect to £&. We introduce the weighted area of dg

o(0g) = /(7\ O(z, N (x)) ds(z). (2.1.1)

Let p and v be measures in {2 and w, = s(0B1).
The following theorem contains a necessary and sufficient condition for
the validity of the multiplicative inequality:

é _
[ullzy(o.m < CIEC VAL, o 1ullE o0 (2.1.2)

for all u € 2(£2). This result will be proved using the same arguments as in
Theorem 1.4.2/1.

Theorem. 1. If for all admissible sets
ulg)'1 < ao(9g)’v(g) =0T, (2.1.3)

where o = const > 0, 6 € [0,1], 7, ¢ >0, 6 + (1 —8)r~! > ¢!, then (2.1.2)
holds for all u € 2(02) with C < ar®(ré +1 — §)=0- 1=/,
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2. If (2.1.2) holds for all w € 2(£2) with ¢ > 0, § € [0,1], then (2.1.3)
holds for all admissible sets g and o < C.

Proof. 1. First we note that by Theorem 1.2.4

/@(:c,Vu)dz:/ @( Vu >Vudx
17 {2:|Vu|>0} |V \

/ dt/& ( T |)d /Oma(ag@)dt. (2.1.4)

Here we used the fact that |Vu| # 0 on & = {z : |u(z)| = t} for almost
all ¢ and that for such ¢ the sets £ = {z : |u(z)| > ¢} are bounded by C*
manifolds. By Lemma 1.2.3

lullz, (2.0 = </OOO M(Zt)d(tq)>1/q.

Since p(%}) is a nonincreasing function, then, applying (1.3.41), we obtain

lullz, (2,0 < (/000 M(ﬁ)wqd(tvw

where v = r(rd+1—3)"1, v < q. Using the fact that the sets %} are admissible
for almost all ¢, from (2.1.3) we obtain

1/~

1/
||u|L,,m,,A>sWa( / (DL L) OO ldt) .
0

Since 70 + v(1 — §)/r = 1, then by Holder’s inequality

0o ) o (1=8)/r
lullz, (2,0 < Y (/ o(0%4) dt) (/ (L)t dt) ,
0 0

which by virtue of (2.1.4) and Lemma 1.2.3 is equivalent to (2.1.2).

2. Let g be any admissible subset of {2 and let d(z) = dist(z,R™\g),

= {z € 2,d(z) > t}. Let a denote a nondecreasing function, infinitely
differentiable on [0, 00), equal to unity for d > 2¢ and to zero for d < &, where
¢ is a sufficiently small positive number. Then we substitute u.(z) = a[d(z)]
into (2.1.2).

By Theorem 1.2.4,

/Q@(I,Vus)d:c—/:so/(t) Agt¢(x,W(x))ds(z),

where .4 (x) is the normal at = € dg; directed toward the interior of g;. Since

/6 B(w, N (2)) ds(@) =%0 (0g),
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we obtain

/ &(x, Vu)dx 9, a(9g).
7

Let K be a compactum in g such that dist(K,dg) > 2e. Then u.(x) = 1

on K and

el ny (2, = (KM

Using 0 < u.(z) <1 and supp u. C g, we see that

luell L, (2,0) < v(g)/".

Now from (2.1.2) we obtain

u(g)V* = sup p(K)Y1 < Co(0g)°v(g) =07,
Cg

The result follows. O

2.1.2 Criterion Formulated in Terms of Balls for 2 = R™

In the case &(xz,&) = £, 2 = R"™, v = m,, it follows from (2.1.2) that for all
balls B,(z)

M(Bg(x))l/q S AQJ(nfl)Jr(lf(;)n/T (21.5)

With minor modification in the proof of Theorem 1.4.2/2 we arrive at the
converse assertion.

Theorem. If (2.1.5) holds with 6 € [0,1]; ¢, 7 > 0,5+ (1 —=9)/r > 1/q
for all balls B,(x), then

lullz, ) < C|l@(, Vu)|; full " (2.1.6)

holds for all uw € 2(R™) with C < cA.

Proof. As already shown in the proof of Theorem 1.2.1/2, for any bounded
open set g with a smooth boundary there exists a sequence {B,,(x;)}i>1 of
disjoint balls with the properties

() gC U B, (z:),
(B) an(_qugi(xi)) = vn0;,
() s(dg) =c) of "

i>1

From (2.1.5) it follows that

w(g) < ZM(BBQi (xi» < A4 Z(3&,)q[é(n—1)+(1—5)n/r]_ (2_1.7)

i>1 i>1
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Since ¢ + (1 — §)n/r > 1, it follows from (2.1.7) that

)

s(n—1)+(1—8)n/r ) q6+(1=d8)n/r

u(g) < cAl (Z Q;J @FA—on/r

i>1
which by Hélder’s inequality does not exceed
qs (1-8)q/r
ca(Yo) (Ter)
i>1 i>1

To conclude the proof it remains to apply Theorem 2.1.1. a

2.1.3 Inequality Involving the Norms in L4(f2, 1) and L,.(82,v)
(Case p=1)

The next theorem is proved analogously to Theorem 2.1.1.

Theorem. 1. If for all admissible sets g C {2
w(9)'? < ao(dg) + Br(g)'", (2.1.8)
where « >0, 6>0,q>12>r, then
lull 2 < al|@, V)|l gy + Bl 20 (2.0.9)

holds for all u € 2(12).
2. If (2.1.9) holds for all u € 2(£2), then (2.1.8) holds for all admissible
sets g.

2.1.4 Case g € (0,1)
Here we deal with the inequality

lull, (2,m) < C||@(, Vu (2.1.10)

)HLl(Q)
for u € C§°(£2). As a particular case of (2.1.9), we obtain from Theorem 2.1.3
that (2.1.10) holds with ¢ > 1 if and only if for all admissible sets g

w9)"* < ao(dg) (2.1.11)

and « is the best value of C.

We shall show that (2.1.10) can be completely characterized also for ¢ €
(0,1). Let us start with the basic properties of the so-called nonincreasing
rearrangement of a function.

Let u be a function in {2 measurable with respect to the measure p. We
associate with u its nonincreasing rearrangement u;, on (0, 00), which is in-
troduced by
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uy,(t) = inf{s > 0: p(Z,) <t}, (2.1.12)

where &, = {z € 2 : |u(z)| > s}.
Clearly uj, is nonnegative and nonincreasing on (0,00). We also have

uy(t) = 0 for t > p(2). Furthermore, it follows from the definition of u*

that

w, (L)) < s (2.1.13)
and

(L)) < 8, (2.1.14)

the last because the function s — p(.%;) is continuous from the right.
The nonincreasing rearrangement of a function has the following important

property.
Lemma 1. If ¢ € (0,00), then

/Q\u(x)]q dp = /OOO (us ()" dt.

Proof. The required equality is a consequence of the formula

[l au= [~ uzage)

my (L) = (L), s € (0,00) (2.1.15)
in which £ = {t > 0 : uj,(t) > s}. To check (2.1.15) we first note that

and the identity

my (L) =sup{t>0: uy (t) > s} (2.1.16)
by the monotonicity of u},. Hence, (2.1.13) yields
mi (L) < n( L)

For the inverse inequality, let € > 0 and t = m1(.Z)) + €. Then (2.1.16)
implies u,(t) < s and therefore

m (L)) < Lupwy) <t
by (2.1.14). Thus pu(%s) < my(£*) and (2.1.15) follows.

Definition. Let %(p) denote the infimum o(dg) for all admissible sets
such that u(g) > o, where o(dg) is the weighted area defined by (2.1.1).

Theorem. Let §2 be a domain in R™ and 0 < g < 1.

(1) (Sufficiency) If
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() 1 q
D= / ( ) is < 0, (2.1.17)

then (2.1.10) holds for all w € C*°(£2). The constant C' satisfies the inequality
C < ei(q) D -9/a,

(ii) (Necessity) If there is a constant C' > 0 such that (2.1.10) holds for all
u € C®(2), then (2.1.17) holds and C > cy(q) D1 ~9/4,

Proof. (Sufficiency) Note that (2.1.17) implies p(f2) < co and that € is a
positive function. By monotonicity of p(.%;), one obtains

2]+1

[wpan= > [ waw)
j=—o00 ¥
< Z 2qy+1 qu),
j=—o00

where p1; = 1(%%,). We claim that the estimate
Y owi (200FD —29) <D B(, V)] ) (2.1.18)
j=r

is true for any integers r, m, and r < m. Once (2.1.18) has been proved,
(2.1.17) follows by letting m — oo and r — —oo in (2.1.18). Clearly, the sum
on the left in (2.1.18) is not greater than

P 29T N (g — )27 (2.1.19)
j=14r
Let S, , denote the sum over 1+ r < j < m. Hoélder’s inequality implies

LNy S (RS VICER R
Srm < [ > 2?%(uj_1)] {Z (”%‘(L_S’l)/(lq) } . (2.1.20)

Jj=1+r j=1+r

We have
(11 — )1/(1 a) < 1}/ /(1 ) ujl_/(lfq).
Hence, by the monotonicity of %, the sum in curly braces is dominated by
m Hj—1
Z / cg(t)q/(q—l) d(tl/(l—Q))’
J=14r " Hi

which does not exceed D/(1 — ¢). By (2.1.4) the sum in square brackets in
(2.1.20) is not greater than
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22/11\ &(z, Vu)dz

j=—o0

Thus .
21; (i1 — py)2% < eD'||(, V“)Hqu(m
j=1+r

To conclude the proof of (2.1.18), we show that the first term in (2.1.19) is
also dominated by the right part of (2.1.18). Indeed, if p,, > 0, then

2" < (27 i) (1 /€ 1)) i)

Hom ¢ q/(1-q) 1—q
< cllot v (/ <%> dt) .

The sufficiency of (2.1.17) follows.
We turn to the necessity of (2.1.17). We shall use the following two auxil-
iary assertions.

Lemma 2. Let u € C'(2). There exists a sequence {uy }v>1 of functions
uy, € 2(£2) such that

/Qé(:c, V(uy(z) —u(z)))dz — 0 asv — oo. (2.1.21)

Proof. Let u, = M, -1u, where M, stands for a mollification with radius
e. Let U be a neighborhood of supp u, U C £2.

Clearly, supp u, is situated in U for all sufficiently large v. Since @ €
C(2xS" Y andue C(O 1)( £2), it follows that

2(a. ¥ (u,fe) — 1)) = (2, ST 9 ()~ (o) |

if Vu, (x) # Vu(z). Therefore, the left-hand side in (2.1.21) does not exceed

max @/Q‘V(ul,(x)—u(x))‘dxﬁo as v — oo.

UxSn—1
The proof is complete. a
Lemma 3. Let {vy,...,vn} be a finite collection of functions in the space

C(2)NLy(2), p € [1,00). Then, for x € £, the function
x — v(x) = max{vi(z),...,un(2)}

belongs to the same space and
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N
12C. V)1, 0 < DoIRC VOl 0y (2.1.22)

i=1

Proof. An induction argument reduces consideration to the case N = 2.

Here
v(z) = max{vy(z),v2(x)}.

The left-hand side in (2.1.22) is equal to

/ &(x,Vor)de + / &(x, V) da,
vl >v2

v <v2
which implies (2.1.22) for N = 2. O

Continuation of the proof of Theorem. (Necessity) First we remark that
the claim implies (£2) < co and that € (t) > 0 for all ¢ € (0, u(§2)]. Let j be
any integer satisfying 2/ < p(£2). Then there exists a subset g; of §2 such that

n(g;) =27, and o(2nNg;) <26 (27).
By the definition of ¢ and by (2.1.4) there is a function u; € C'°°(£2) subject
to u; > 1 on gj, u; =0 on 02 and

/ ®(z, Vu;)de < 46(27).
o)

Let s be the integer for which 2% < p(£2) < 2571, For any integer r < s, we
introduce the Lipschitz function

.f?",s(z) = ngj‘@%(s ﬂjuj(x)v x € {2,

where

8= (@6 ()Y
By Lemmas 2 and 3

| 2(, vfﬁs)”Ll(n) = CZ@'H@('» vuj)HLl(Q)’

j=r

and one obtains the following upper bound:
D¢,V frs)ll o) S €D BC(2). (2.1.23)
j=r

We now derive a lower bound for the norm of f., in Ly({2,p). Since
frs(@) > Bj for x € gj, r < j <s, and u(g;) > 27, the inequality
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M({ZE €: |fr,s(1')’ > T}) < 2j
implies 7 > ;. Hence
rs(t) > p; forte (0,27), r<j<s,

where f; is the nonincreasing rearrangement of f, ;. Then

w($2) . q 5 2 % \ ¢ g qoj—1
JRRCFORTED O NV S E
J=r

which implies

1frslf, oy = D 8127 (2.1.24)
j=r

Next we note that by Lemma 2 if inequality (2.1.10) holds for all u € C§°(12),
then it holds for all Lipschitz v with compact supports in (2. In particular,

HfT",S”Lq(Q,u) < CHQ)(a vf?",S)HLl(Q)'

Now (2.1.23) and (2.1.24) in combination with the last inequality give

o (Z‘;_T gggj)l/q s 9i/(1-a) (1-9)/q
> C% =c - )
2= B5(2) 2 (@ (2)) /(-0

By letting » — —oo and by the monotonicity of €, we obtain

. (z(ﬁ)_ = /fm%)*dt)*.

This completes the proof of the Theorem. O

2.1.5 Inequality (2.1.10) Containing Particular Measures

We give two examples that illustrate applications of the inequality (2.1.10).

Example 1. Let 2 = R", R"! = {z € R",z,, = 0}, u(A) = m,_1(AN
R”~1), where A is any Borel subset of R”. Obviously,

s(9g)

N =

p(g) <

and hence

1
lull 2, -1y < SVl ey
for all u € 2(R™).
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Ezxample 2. Let A be any Borel subset of R™ with m,,(A) < oo and let

p(4) = [ Jal " e,

where « € [0, 1]. Further, let B, be a ball centered at the origin, whose n-
dimensional measure equals m,,(A). In other words,

r= (imn(A)>l/n.

Wn

Obviously,

/|x|*adx§/ |x|*o‘dx+r*“mn(Br\A)§/ |z|~* da.
A :

ANB, B,

So
p(A) D/ (1=0) < () (1=m)/ () ya(n=1)/n(n=0) [y (4)] (n=1)/n
Let g be any admissible set in R™. By virtue of the isoperimetric inequality
[rma(9)] " < w7 0g),
we have
M(g)(n—l)/(n—a) < (n— )=/ (=) la=1)/(n=a) g5y,

This inequality becomes an equality if g is a ball. Therefore

sup

plo)" Ty ) (1= m/ (=) y(a=1) /(o)
{9} s(9g)

and for all u € 2(R™)

< |u(x)|(n_a)/(n_1)\x|_“dx
Rn

< (n— @)1=/ (=)D =0 |y gy (2.1.25)

)(n—l)/(n—a)

with the best possible constant.

2.1.6 Power Weight Norm of the Gradient on the Right-Hand Side

In this subsection we denote by z = (z,y) and ¢ = (£,7n) points in R"*™ with

z, £ € R y,n € R™ m,n > 0. Further, let Bfnd)(q) be the d-dimensional ball
with center ¢ € R%.
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Lemma 1. Let g be an open subset of R™™™ with compact closure and
smooth boundary Og, which satisfies

1
n|* dC// In|*d¢ = =, (2.1.26)
/B$1L+m) (2)Ng B$n+m)(2) 2

where a > —m form >1 and 0 > a > —1 for m = 1. Then
/ In|*ds(¢) = er™™™(r + Jy|)”, (2.1.27)
B$n+m)(z)ﬁag

where s is the (n +m — 1)-dimensional area.
The proof is based on the next lemma.

Lemma 2. Let a > —m form > 1 and 0 > o > —1 for m = 1. Then for
any v € C™ (B£n+m)) there exists a constant V' such that

/;7(‘714»777,)

Proof. Tt suffices to derive (2.1.28) for r = 1. We put B""™ = B and
B%m) X BE") = Q. Let R(¢) denote the distance of a point ¢ € 9Q from the
origin, i.e., R(¢) = (1+|¢[2)'/? for |n| = 1, |€| < 1 and R(¢) = (1+|n|*)'/? for
[¢| =1, |n| < 1. Taking into account that B is the quasi-isometric image of @
under the mapping ¢ — ¢/R(¢), we may deduce (2.1.28) from the inequality

o=Vl <er [ VoOliac 2128)

/\U(O —V|[nl*d¢ < c/ |Vu(¢)|In]*> d¢, (2.1.29)
Q Q

which will be established now. Since (m + «)n|* = div(|n|*n), then, after
integration by parts in the left-hand side of (2.1.29), we find that it does not
exceed

<m+a>—“( [welarsags [ ae
o 5 Jopgm

For the sake of brevity we put 7' = Bi") X (B%m)\BY/nQ)). Let m > 1. The

v(¢) = V| ds(n)). (2.1.30)

second summand in (2.1.30) is not greater than

c/T|Vv|dC—|—C/T\v—V|d§.

By Lemma 1.1.11, the last assertion and (2.1.30) imply (2.1.29), where V
is the mean value of v in T'. (Here it is essential that T is a domain for m > 1.

If m = 1 then T has two components Ty = B%n) x (1/2,1) and T_ =
BYL) x (—1,—1/2). Using the same argument as in the case m > 1, we obtain
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[,

where V4 are the mean values of v in T4. It remains to note that

1
ve-vize | aef
B™ ~1

provided ae < 0. So for m = 1 we also have (2.1.29) with V replaced by V. or
V_. This concludes the proof of the lemma. a

o€, £1) — Vi |de < c/T IVo(Q)] d¢ < c/Q|W(<>|n|ad<,

v /
—ldn<c [ |Vv *dc¢,
Sefan < e [ [vu(o]il®

Proof of Lemma 1. For the sake of brevity let B = B£n+m)(2). In (2.1.28)
we replace v by a mollification of the characteristic function x, of the set g
with radius g. Then the left-hand side in (2.1.28) is bounded from below by
the sum

- V|/ ol d¢ + |V|/ Il d
ey €0

where e; = {( € B : x,(¢) =i},i=0,1.
Let & be a sufficiently small positive number. By (2.1.26)

1 a «
<§—s>(1—V|+IV|)/BI77| ac<er [ |90 ac

for sufficiently small values of p. Consequently,
1 .
5 [ e < ertimsup [ o o©ldc=ar [ gl asco)
B o—+0 JB Bnag
It remains to note that
/B | d¢ = er™ " (r + Jy])".

The lemma is proved. a

Remark 1. Lemma 1 fails for m = 1, a > 0. In fact, let g = {¢ € R**! :
n>eor0>n> —e}, where ¢ = const > 0. Obviously, (2.1.26) holds for

this g. However,
Ly 117450 <

which contradicts (2.1.27).

Theorem 1. Let v be a measure in R*"™™, ¢ > 1, « > —m. The best
constant in

lull L, @rtm vy < C ly|*|V.uldz, we Cgo(R™™), (2.1.31)

Rn+m

s equivalent to
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K =sup(o+ |y|) ot m [V(Bé"“”)(z))]l/q. (2.1.32)

z50
Proof. 1. First, let m > 1 or 0 > o > —1, m = 1. According to Theo-
rem 2.1.3
[v(g)]"/

Joy 917 d5(2)”

where ¢ is an arbitrary subset of R™™ with a compact closure and smooth
boundary. We show that for each g there exists a covering by a sequence of
balls Byt (z;), i = 1,2,..., such that

Sa ek ) <o /8 1y ds(2).
g

C’*sup

Each point z € g is the center of a ball B "™ (2) for which (2.1.26) is valid.
In fact, the ratio in the left-hand side of (2.1.26) is a continuous function in
r that equals unity for small values of  and converges to zero as r — oco. By

Theorem 1.2.1 there exists a sequence of disjoint balls B(n+m)( z;) such that
gC U B(n+m)
According to Lemma 1,
/B<n+m>( - ly|* ds(z) > CT?'er_l(Ti + \yz‘|)a~
r 2;)Ndg

Thus {B(n+m)( zi) }i>1 is the required covering.
Obviously,

=SB < (Sl e))

<ch(Zr"+m Y(ri + lwil) ) < (cK/ ly|* ds(z ) .

Therefore C < cK form >1and form=1,0> o > —1.

2. Now let m = 1, a > 0. We construct a covering of the set {¢ : n = 0}
by balls %; with radii ¢;, equal to the distance of %; from the hyperplane
{¢ : £ = 0}. We assume that this covering has finite multiplicity. By {¢,} we
denote a partition of unity subordinate to {Z,} and such that |[V;| < ¢/p;
(see Stein [724], Chap. VI, §1.). Using the present theorem for the case o = 0,
which has already been considered (or equivalently, using Theorem 1.4.2/2),
we arrive at
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l@stll sty < esup o w5 (B )]V (05w, oy

where v; is the restriction of v to ;. It is clear that

sup o~ " [l/j (Bé”"‘l)(z))] La <c¢c sup o " [V(Bg”'l)(z))] a,
0z 0<0j,2€%;

Therefore,
llojull L, ®n+r,0)

<c sw(ote) e BEVE] [ 90l

0<0;,2€%;

Summing over j and using (2.1.29), we obtain

lllzy @) <CK</ |Vl | dc+/ |u||n“—1dg>.
Rn+1 Rn+1

Since

[ e tac<ant [ vl ag
R+ R+

for a > 0, then C < cK for m =1, a > 0.
3. To prove the reverse estimate, in (2.1.31) we put U(¢) = p(0~ (¢ — 2)),

where ¢ € C5°(BS"™™), o =1 on B"™™ Since

[ nlVeuldc < e [l de < ea o o)
Bzg " (=) BQZ " (=)

the result follows. O

Corollary. Let v be a measure in R", ¢ > 1, « > —m. Then the best
constant in (2.1.31) is equivalent to

sup Ql—m—n—a [V(Bén)(x))]l/q
zER™,0>0

For the proof it suffices to note that K, defined in (2.1.32), is equivalent
to the preceding supremum if supp v C R™.

Remark 2. The part of the proof of Theorem 1 for the case m =1, a > 0
is also suitable for m > 1, & > 1 — m since for these values of o and for all
u € C§°(R™™) we have

/ Jul[p|*~td¢ < (oHrmfl)*l/ [Vu|n|* d¢. (2.1.33)
Rn+w1 Rn+7n

This implies that the best constant C in (2.1.31) is equivalent to
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Ki=  swp [yt (B ()]
z€RM ™ 0< |yl /2

form>1, a>1—m.

Since (2.1.33) is also valid for @ < 1 —m with the coefficient (1 —m —a)~?
if w vanishes near the subspace n = 0, then following the arguments of the
second and third parts of the proof of Theorem 1 with obvious changes, we
arrive at the next theorem.

Theorem 2. Let v be a measure in { € R"™™ :n#0},¢>1, a<1—m.
Then the best constant in (2.1.31), where u € C§°({¢ : n # 0}), is equivalent
to Kl.

2.1.7 Inequalities of Hardy—Sobolev Type as Corollaries of
Theorem 2.1.6/1

Here we derive certain inequalities for weighted norms which often occur in
applications. Particular cases of them are the Hardy inequality

21~ gy < elViRlle,en)
and the Sobolev inequality

1wllz,, 0 @) < cllViull L, @nys

where Ip < n and u € Z(R™). We retain the notation introduced in Sect.
2.1.5.

Corollary 1. Let
-1
L<g<(mtn)/mtn=1),  f=a—1+T (mitn) >

Then
ol gy < AT 2.1
for u € Q(R™T™).

Proof. According to Theorem 2.1.6/1 it suffices to establish the uniform
boundedness of the value

Cu 1/q
(o+1yl) " ( [ e dC)
|z—¢|<e

with respect to ¢ and z. Obviously, it does not exceed

1/q
(o +1yl) C“gl-”—m+"/q</ nWan) |
n

—yl<e



2.1 Conditions for Validity of Integral Inequalities (the Case p = 1) 139

This value is not greater than c|y|?~®p!~(m+m(a=1/q for o < ¢|y| and
coP—ati=(min)(a=1)/a for o > c|y|. The result follows. 0

In (2.1.34) let us replace ¢~ 1, o, and B by 1 —p~t+¢7 1 a+(1—p)~1¢B,
and((1—p~1)g+1)8, respectively, and u by |u|* with s = (p—1)gp~*+1. Then
applying Holder’s inequality with exponents p and p/(p — 1) to its right-hand
side we obtain the following assertion.

Corollary 2. Let m+n >p>1,p < q < pn+m)(n+m—p)~t, and
B=a—-1+nm+m)(1l/p—1/q) > —m/q. Then
17l gy < WVl gy (2.1.35)

for all uw € Z(R™™).

For p =2, « = 1—m/2, n > 0, the substitution of u(z) = |y|”*v(2)
into (2.1.35) leads to the next corollary.

Corollary 3. Let m+n > 2,2 < ¢ < 2(n+m)/(n+m — 2), and
y=—1+4+(n+m)(2 ' —q71). Then

2 (m—2)2 v?
v m € / Vo)?dz — 7/ —=dz 2.1.36
1ol iy < e [ 700 ) e

for all v € (R™™), subject to the condition v(z,0) =0 in the case m = 1.

In particular, the exponent «y vanishes for ¢ = 2(m +n)/(m +n — 2) and
we obtain

m — 2)? v?
c||v|\i2(m+n> (®n+m) + u/}R —=dz < /}me (Vu)*dz, (2.1.37)

PR 4 nem Y[

which is a refinement of both the Sobolev and the Hardy inequalities, the
latter having the best constant.

To conclude this subsection we present a generalization of (2.1.35) for
derivatives of arbitrary integer order I.

Corollary 4. Let m+n >Ip, 1 <p<qg<p(m+n—Ip)~t(m+n), and
B=a—-1l+m+n)p~t—qgt)>—-mqg~'. Then

Hylﬁu|”Lq(R"+m) < C’Hy|avluHLP(R"+m) (2.1.38)

for uw € Z(R™t™),

Proof. Let p; = p(n +m)(n+m — p(l — j))~!. Successively applying the
inequalities
B
H |y| UHLQ(R7L+"'L)S CH |y|aquLP1 (Rn+m)?

|||y|avj“Hij ®rtm) S CH|y|avj+1u”ij+1(R"+m)’ 1<j<i
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which follow from (2.1.35), we arrive at (2.1.38). O

Inequality (2.1.38) and its particular cases (2.1.34) and (2.1.35) obviously
fail for = I+ng~!'—(m+n)p~!. Nevertheless for this critical & we can obtain
similar inequalities that are also invariant under similarity transformations in
R™™ by changing the weight function on the left-hand side.

2.1.8 Comments to Sect. 2.1

The results of Sects. 2.1.1-2.1.3 and 2.1.5 are borrowed from the author’s
paper [543] (see also [552]).

Properties of the weighted area minimizing function ¢ introduced in Def-
inition 2.1.4 were studied under the assumption that @(z, &) does not depend
on x and is convex. In particular, the sharp generalized isoperimetric inequal-
ity

/ (A (2)) ds(z) > nsey/"my(g) (2.1.39)
dg

holds for all admissible sets g C R™. Here 3z, is the volume of the set {{ €
R™:@¥(€) <1} with

— su (x7£)R"

(see Busemann [158] and Burago, Zalgaller [151]). The surfaces minimizing
the integrals of the form

| @) asta

over all sets g with a fixed volume, called Wulff shapes, appeared in 1901 (see

Wulff [798]). The Wulff shape is called the crystal of the function @, which in

its turn is called crystalline if its crystal is polyhedral (see, in particular, J.E.

Taylor [745] for a theory of crystalline integrands as well as the bibliography).
The sharp constant

1
1\ o+2 ™ T af2
Ca:(o“r ) (2/ (sint)adt> . a>0,
a+2 0

in the weighted isoperimetric inequality

m2(g)g+; é Ca (f/‘/l2+|x|2a</1/22)1/2d87
dg

where (A1, A43) = A was found by Monti and Morbidelli [611], which is
equivalent to the sharp integral inequality

ou\ > 2o (00 1)
2y < a.. “\ 3
by <0 [ ((52) +1a(55) ) o
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for all u € C§°(R?).

Theorem 2.1.4 is borrowed from Maz’ya [560], its proof being a modifica-
tion of that in Maz’ya and Netrusov [572] relating to the case p > 1. For the
contents of Sect. 2.1.6 see Sect. 2.1.5 in the author’s book [556].

Obviously, in Theorem 2.1.6/1 the role of |y| can be played by the dis-
tance to the m-dimensional Lipschitz manifold F' supporting the measure v.
Horiuchi [383] proved the sufficiency in Theorem 2.1.6/1 for an absolutely
continuous measure v and for a more general class of sets F' depending on
the behavior as € — 0 of the n-dimensional Lebesgue measure of the tubular
neighborhood of F, {z € R"*™ : dist(z, F) < ¢}.

The contents of Sect. 2.1.7 were published in [556], Sect. 2.1.6, for the first
time. Estimates similar to (2.1.38) are generally well known (except, probably,
for certain values of the parameters p, ¢, [, and «) but they were established
by other methods (see II'in [395]). The multiplicative inequality

|.’L"ﬁ’U/H1_u

[l | Lg(R™)

Loy S Ollle 1Vl gy
was studied in detail by Caffarelli, Kohn, and Nirenberg [162]. Lin [498] has
generalized their results to include derivatives of any order.

The inequality (2.1.36) was proved by Maz’ya [556], Sect. 2.1.6. Tertikas
and Tintarev [749] (see also Tintarev and Fieseler [753], Sect. 5.6, as well
as Benguria, Frank, and Loss [83]) studied the existence and nonexistence
of optimizers in (2.1.37) and found sharp constants in some cases. In one
particular instance of (2.1.36), the sharp value of ¢ will be given in Sect. 2.7.1.
In [277], Filippas, Maz’ya, and Tertikas showed that for any convex domains
2 C R™ the inequality

n—2

1 u2 2n "
Vugdm——/—dx20!2</un2dx)
[ 1vupae =g [Garzc@)( [

holds where u € C5°(§2) and d = dist(z, 02). See Comments to Sect. 2.7 for
other contributions to this area.

2.2 (p, ®)-Capacity

2.2.1 Definition and Properties of the (p, #)-Capacity

Let e be a compactum in {2 C R™ and let @ be the function specified in Sect.
2.1.1. The number

1nf{/n[¢(x7vu)]”dx L u € Ne, Q)},

where p > 1, is called the (p, ®)-capacity of e relative to {2 and is denoted by
(p, P)-cap(e, £2). Here
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N(e,2)={uec2(2):u>1one}.

If 2 = R™, we omit {2 in the notations (p, 2)-cap(e, £2), (e, 2), and so
on.

In the case &(z, &) = ||, we shall speak of the p-capacity of a compactum
e relative to {2 and we shall use the notation cap,(e, {2).

We present several properties of the (p, §)-capacity.

(i) For compact sets K C {2, F C 2, the inclusion K C F implies

(p, @)-cap(K, 2) < (p, P)-cap(F, 2).

This is an obvious consequence of the definition of capacity. From the same
definition it follows that the (p, @)-capacity of F relative to {2 does not increase
under extension of (2.

(ii) The equality

(p, @)-cap(e, 2) = inf{/ [@(x, Vu)]p dz : u € Ble, Q)}, (2.2.1)
2
where Ple,2) = {u:u € 2(2),u =1 in a neighborhood of €,0 < u < 1 in
R™} s valid.

Proof. Since N(e, £2) C P(e, £2) it is sufficient to estimate (p, P)-cap(e, §2)

from below. Let € € (0,1) and let f € 91(e, £2) be such that

/ [@(x, Vf)]p dz < (p,®)-cap(e, 2) + &.

2

Let {\n(t)}m>1 denote a sequence of functions in C>°(R') satisfying the
conditions 0 < X, () < 1+ m™% A\,(t) = 0 in a neighborhood of (—oc, 0]

m

and A, (t) = 1 in a neighborhood of [1,00), 0 < A, () < 1 for all t. Since
Am (f(z)) € PBle, £2), then

inf{/ﬂ[@(x,Vu)]pdm cu € Be, Q)} < /Q[)\;n(f(:c))}p[@(x,Vf(:c))}pdx.

Passing to the limit as m — oo, we obtain
inf{/ [®(2, Vu)]" dz : u € Ple, Q)}
0

< /Q [®(x, Vf)]pdx < (p,@)-cap(e, 2) + ¢. 0

(iii) For any compactum e C 2 and € > 0 there exists a neighborhood G
such that
(p7 @)—Cap(K, 'Q) < (pa @)—Cap(e, 'Q) +e€

for all compact sets K, e C K C G.
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Proof. From (2.2.1) it follows that there exists a u € P(e, £2) such that

/ [®(z, Vu)|” dz < (p, D)-cap(e, 2) +¢.
0
Let G denote a neighborhood of e in which v = 1. It remains to note that

(p, @)-cap(K, 2) < /Q [®(2, Vu)]" dz

for any compactum K, e C K C G. |

The next property is proved analogously.
(iv) For any compactum e C {2 and any € > 0 there exists an open set w,
@ C 2, such that

(pa @)—cap(e, (U) S (p> ¢>'Cap<ev Q) +e.
(v) The Choquet inequality

(p,@)-cap(K UF, 2) + (p,P)-cap(K N F, 2)
< (p, ?)-cap(K, £2) + (p, P)-cap(F, 2)

holds for any compact sets K, F' C (2.

Proof. Let u and v be arbitrary functions in B(K, 2) and B(F, 2), re-
spectively. We put ¢ = max(u,v), ¥ = min(u,v). Obviously, ¢ and v have
compact supports and satisfy the Lipschitz condition in {2, ¢ = 1 in the
neighborhood of K U F’ and ¢ = 1 in a neighborhood of K N F. Since the set
{z : u(z) # v(x)} is the union of open sets on which either v > v or u < v,
and since Vu(z) = Vo(z) almost everywhere on {z : u(xz) = v(x)}, then

/ﬂ [®(z, V)] dz + /Q [®(z, V)]” da
:/Q@(x,Vu)]pder/ [®(z, Vv)]” da.

9]

Hence, having noted that mollifications of the functions ¢ and 1 belong
to P(K U F,12) and P(K N F,(2), respectively, we obtain the required
inequality. a

A function of compact sets that satisfies conditions (i), (iii), and (v) is
called a Choquet capacity.

Let E be an arbitrary subset of (2. The number (p,®)-cap(FE,{2) =
sup; g} (p, @)-cap(K, 2), where {K'} is a collection of compact sets contained

in F, is called the (p, ®) capacity of E relative to 2. The number

inf (p, ®)-cap(G, 12),
{G}(p )-cap(G, £2)
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where {G} is the collection of all open subsets of 2 containing F, is called the
outer capacity (p,P)-cap(E, 2) of E C 2. A set E is called (p,?) capacitable
if
(pa sﬁ)—cap(E, “Q) = (pv Q)_m(ll “Q)
From these definitions it follows that any open subset of {2 is (p,®) ca-
pacitable. If e is a compactum in {2, then by property (iii), given £ > 0, there
exists an open set G such that

(p, @)-cap(G, 2) < (p, P)-cap(e, 12) + &

Consequently, all compact subsets of 2 are (p, @) capacitable.
From the general theory of Choquet capacities it follows that analytic sets,
and in particular, Borel sets are (p, @) capacitable (see Choquet [186]).

2.2.2 Expression for the (p, #)-Capacity Containing an Integral
over Level Surfaces

Lemma 1. For any compactum F C {2 the (p,P)-capacity (for p > 1) can be
defined by

. ! dr top
(p, @)-cap(F, 2) = ue‘lltr(l;fﬂn){/ ([4 [@(z, Vu)lp |)1/(17—1) } » (222)

where & = {x : Ju(x)| = t}.

We introduce the following notation: A is the set of nondecreasing functions
A € C*(R'), which satisfy the conditions A(t) = 0 for ¢t < 0, A\(t) = 1 for
t > 1, supp N C (0,1); Ay is the set of nondecreasing functions that are
absolutely continuous on R! and satisfy the conditions A(¢) = 0 for ¢ < 0,
At) =1for t > 1, M(t) is bounded.

To prove Lemma 1 we shall use the following auxiliary assertion.

Lemma 2. Let g be a nonnegative function that is integrable on [0,1].

Then . . -
dt -
; "o dt —
irelgl/o (NYPgdt = (/0 91/(p—1)) . (2.2.3)

Proof. First we note that by Holder’s inequality

1 1 1/p 1 dt 1-1/p
_ ’ P -
= fvars (fforea) ([ o)

and hence the left-hand side of (2.2.3) is not smaller than the right.
Let A€ Ay, (,(t) = N(@) fort e v~ 1,1 —v7 1], supp ¢, C v~ 1,1 —v71],
v=12.... We set
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-1

() = G (1) ( / . dr>

Since the sequence 7, converges to A’ on (0,1) and is bounded, it follows by
Lebesgue’s theorem that

1 1
/ nbgdr — / (\N)Pgdr.
0 0

Mollifying 7,,, we obtain the sequence {v,}, v, € C*(R!), supp v, C (0,1),
1 1 1
/ Yo dr =1, / ’yf,’ngH/ (N)Pgdr.
0 0 0

¢
)\y(t):/ ~y, dr,
0

we obtain a sequence of functions in A such that

Setting

1 1
/ (X )Pgdr — / (\N)Pgdr.
0 0
Hence,
1 1
inf/ (\N)Pgdr = inf/ (\N)Pgdr. (2.2.4)
A Jo A1 Jo
Let ]
ME:{t:g(t)ze}, )\O(t):/ ndr,
0
where 7(t) = 0 on R'\ M. and

-1
n(t) = g(t)l/(l_p) (/ gl/(l_p) dT) for t € M..
M

€

Obviously, Ay € A7, and

1 1-p
/ (A\)Pgdr = </ g'/(=») d7'> )
0 M.

By (2.2.4) the left-hand side of (2.2.3) does not exceed

1-p
(/ gl/u—p)dT) .
M,

We complete the proof by passing to the limit as € — 0. a

Proof of Lemma 1. Let u € M(F, £2), A € A. From the definition of capacity
and Theorem 1.2.4 we obtain
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(p, ®)-cap(F, 2) = /Q N (w)d(z, Vu)]” dz = /0 (V)Pgdt,

where

ds
g(t :/ &(z, Vu)|” .
0= | [ vl g
By Lemma 2

1 1-p
(p, )-cap(F, 2) < ( / gt/ =P dr) :
0

To prove the opposite inequality it is enough to note that

1 1 1-p
/ [di(x’vu)}pdx > / gdr > (/ g'/(-p) dT) )
2 0 0

The lemma is proved.

(2.2.5)

O

Recalling the property (2.2.1) of the (p, ®)-capacity, note that, in passing,

we have proved here also the following lemma.

Lemma 3. For any compactum F C 2 the (p, ®)-capacity (p > 1) can be

defined as

! dt o
P)-cap(F,{2) = inf .
(p, ®)-cap(F, 12) ue‘llf{I(lFQ {/ fg (z, V)] gs )/ (= 1)}

2.2.3 Lower Estimates for the (p, ®)-Capacity

Lemma. For any u € 2(12) and almost all t > 0,

p ds

002" < [—%m(%)] ( / , ot vu) Wu)l/(pl), (2.2.6)

where, as usual, £, = {x € 2 : Ju(z)| > t}.

Proof. By Holder’s inequality, for almost all t and T, t < T,

p/(p—1)
</ JulP~1® (2, Vu) dz)
ZLN\Lr

1/(p—1)
< / |ul? dz (/ [®(, Vu)]p da:) .
ZLN\Lr L\ZLr

Using Theorem 1.2.4, we obtain
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T p/(p—1)
(/ Tplo(ﬁfT)dT>
t
/(p—1)
</ |u|pdﬂc</ dT/ acVupd8> .
LN\Lr V|

We divide both sides of the preceding inequality by (T’ —t)p/ (»=1) and estimate
the first factor on the right-hand side

1 T p/(p—1)
<—T ; / Tpla(afT)dT>
—1Js

ma(Z\Zr) (1 /T / ) ds \ Ve
<7T? d P .
- T—t T—t t T 637[ (x’VU)] ‘V’U,|

Passing to the limit as 7" — ¢, we obtain (2.2.6) for almost all ¢ > 0. The
lemma is proved. O

From Lemma 2.2.2/3 and from the Lemma of the present subsection we
immediately obtain the following corollary.

Corollary 1. The inequality

dr tr
(p, P)-cap(F, 2) > ueql?sI(llf?rz){ / M W} (2.2.7)

holds.

Definition. In what follows we use the function % introduced in Defini-
tion 2.1.4 assuming g = m,,, that is, € stands for the infimum o(dg) for all
admissible sets such that m,(g) > o. Then from (2.2.7) we obtain the next
corollary, containing the so-called isocapacitary inequalities.

Corollary 2. The inequality

my, (§2) 1-p
(p, ®)-cap(F, 2) > ( /m . MM) (2.2.8)

1s valid.

By virtue of the classical isoperimetric inequality
3(89) > n("—l)/nwi/n [mn(g)](”—l)/”) (2.2.9)

in the case @(z,&) = |£| we have

@ (0) = n(n=D/nl/n gn=1)/n.

Therefore,
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p—
cap, (F, 2) > wh/mn( p)/n|P Tll |y, (£2) =)/ ne=D)
_ mn(F)(p—n)/n(p—l) ’1*17 (2.2.10)
for p # n and
_Q) 1-n
F,2) > ", (1og Mt 2.2.11
cap, (F,2) 2 "L, log 72200 (22.11)
for p =n.
In particular, for n > p,
n—p\?*
cap,(F) > wp/mp(n=p)/n (—f) My (F)n=P)/m, (2.2.12)
p—

2.2.4 p-Capacity of a Ball
We show that the estimates (2.2.10) and (2.2.11) become equalities if 2 and

F are concentric balls of radii R and r, R > r, i.e.,

— p—1
cap,(F, 2) = w, <Z_—§)> !R(p*”)/(pfl) — pp=m)/(p=1) |1_p (2.2.13)
for n # p and
R 1—-n
cap,,(F, 2) = w, <log —> (2.2.14)
r

for n = p.
Let the centers of the balls {2 and F' coincide with the origin O of spherical
coordinates (g, w), |w| = 1. Obviously,

F, Q) f
otz ok [ o [5tae
R p
2/ dw inf / B_u o™ tdo.
o8, weN(F,2) J, |0o

The inner integral attains its infimum at the function
RP—m)/(p=1) _ ,(p—n)/(p—1)
RO—)/—D _p(r—n)/ (=D for p # n,

log(eR™1)
log(rR—1)

[r,R] € 0 — v(0) =
for p =n.

This implies the required lower estimates for the p-capacity. The substitution
of v(p) into the integral [, |Vu[P dz leads to (2.2.13) and (2.2.14).

In particular, the p-capacity of the n-dimensional ball B, relative to R" is
equal to wn(z 2yp=ir Lpn=P for n > p and to zero for n < p. Since the p-capacity
is a monotone set function, then for any compactum p-cap(F,R™) = 0, if
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n < p. In the case p < n the capacity of a point relative to any open set {2,
containing this point, equals zero. If p > n, then the p-capacity of the center
of the ball By relative to Br equals wn(f):rf)p_lR”_p. Therefore, in the last
case, the p-capacity of any compactum relative to any bounded open set that
contains this compactum is positive.

2.2.5 (p, P)-Capacity for p =1
Lemma. For any compactum F C 2
(1,P)-cap(F, 2) = inf 0(dg),
where the infimum is taken over all admissible sets g in {2 containing F.

Proof. Let u € M(F, §2). Applying Theorem 1.2.4, we obtain

1
/ b(z, Vu) dx:/ 0(0.%4)dt > inf o(0g).
Q 0 gor

This implies the lower estimate for the capacity.

Let g be an admissible set containing F. The function u.(z) = a(d(z))
defined in the proof of the second part of Theorem 2.1.1 belongs to MN(F, {2)
for sufficiently small € > 0. So

(1, P)-cap(F, Q)S/Qé(x,Vus)dw.

In the proof of the second part of Theorem 2.1.1, it was shown that the pre-
ceding integral converges to o(dg), which yields the required upper estimate
for the capacity. The lemma is proved. O

2.2.6 The Measure m,,_1 and 2-Capacity

Lemma. If Bénfl) is an (n — 1)-dimensional ball in R™, n > 2, then

— n w’n, n—
cap, (B, R™) = o 2, (2.2.15)

where c3 = T, c4 = 1, and ¢, = (n — 4!/(n — 3)!! for odd n > 5 and
cn = 5(n—4)!/(n—3)!! for even n > 6.

Proof. We introduce ellipsoidal coordinates in R™: x; = psinh) cos by,
x; = pcoshsinfy,...,sinf;_i1cosb;,j =2,...,n—1, x, = gcoshysinby,
...,s8inf,_1. A standard calculation leads to the formulas

de = o" (cosh2 h — sin? 01) (cosh )"~ 2 dyp dw,

2
(Vu)? =072 (g—:;) (cosh2 1 — sin® 61)_1 +oen
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where dw is the surface element of the unit ball in R™ and the dots denote a
positive quadratic form of all first derivatives of u except du/91. The equation

of the ball BSH) in the new coordinates is ¢ = 0. Therefore

%) 2
cap, (BY" ™V, R") > @"‘2/| |1<i{2§/0 (2—;) (Coshw)"_leﬁ) dw,

where {u} is a set of smooth functions on [0, c0) with compact supports. The
infimum on the right-hand side is equal to

00 d¢ *17 .
(@) o

This value is attained at the function

. /°° dr /°° dr -t
B »  (coshr)n=2\ Jy  (coshr)n—2 ’

which equals unity on Bénil) and decreases sufficiently rapidly at infinity.

Substituting v into the Dirichlet integral, we obtain

0o 2
capy (BO, R < wng™2 /O (e%) (cosh )2 = g2,

This proves the lemma. O

We now recall the definition of the symmetrization of a compact set K in
R™ relative to the (n — s)-dimensional subspace R™ %,

Let any point € R™ be denoted by (y, z), where y € R" %, z € R®. The
image K* of the compact set K under symmetrization relative to the subspace
z = 0 is defined by the following conditions:

1. The set K* is symmetric relative to z = 0.

2. Any s-dimensional subspace, parallel to the subspace y = 0 and crossing
either K or K™ also intersects the other one and the Lebesgue measures of
both cross sections are equal.

3. The intersection of K* with any s-dimensional subspace, which is par-
allel to the subspace y = 0, is a ball in R® centered at the hyperplane z = 0.

Below we follow Pélya and Szegd [666] who established that the 2-capacity
does not increase under the symmetrization relative to R*~!. Let m be an
(n —1)-dimensional hyperplane and let Pr,.# be the projection of # onto .
We choose 7 so that m,,—1(Pr; &) attains its maximum value. We symmetrize
Z relative to m and obtain a compactum that is also symmetrized relative to a
straight line perpendicular to m. So we obtain a body whose capacity does not
exceed 2-cap .# and whose intersection with 7 is an (n — 1)-dimensional ball
with volume my,_1(Pr;.%). Thus the (n — 1)-dimensional ball has the largest
area of orthogonal projections onto an (n — 1)-dimensional plane among all
compacta with fixed 2-capacity.
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This and the Lemma imply the isocapacitary inequality

[mrk1 (9 n Rn—l)] (n—2)/(n—1)

wy_q \ D/ (=D
n— n oA n
< (nl> w—ncapQ(J,]R ), (2.2.16)

where ¢,, is the constant defined in the Lemma.

2.2.7 Comments to Sect. 2.2

The capacity generated by the integral

/ flz,u, Vu)de
Q

was introduced by Choquet [186] where it served as an illustration of general
capacity theory. Here the presentation follows the author’s paper [543].

Lemma 2.2.2/1 for p = 2, §(x,&) = || is the so-called Dirichlet principle
with prescribed level surfaces verified in the book by Pdélya and Szegd [666]
under rigid assumptions on level surfaces of the function u. As for the gen-
eral case, their proof can be viewed as a convincing heuristic argument. The
same book also contains isocapacitary inequalities, which are special cases of
(2.2.10) and (2.2.11).

Lemma 2.2.3, leading to lower estimates for the capacity, was published
for &(z,£) = |€] in 1969 by the author [538] and later by Talenti in [741],
p- 709.

Properties of symmetrization are studied in the books by Pdlya and
Szegd [666] and by Hadwiger [334] et al. See, for instance, the book by
Hayman [357] where the circular symmetrization and the symmetrization
with respect to a straight line in R? are considered. Nevertheless, Hayman’s
proofs can be easily generalized to the n-dimensional case. Lemma 2.2.5 is a
straightforward generalization of a similar assertion due to Fleming [281] on
1-capacity.

In the early 1960s the p-capacity was used by the author to obtain the nec-
essary and sufficient conditions for the validity of continuity and compactness
properties of Sobolev-type embedding operators [527, 528, 530, 531].

Afterward various generalizations of the p-capacity proved to be useful in
the theory of function spaces and nonlinear elliptic equations. A Muckenhoupt
Ap,-weighted capacity was studied in detail by Heinonen, Kilpeldinen, and
Martio [375] and Nieminen [636] et al. A general capacity theory for monotone
operators

W, 3 u— —div(a(z, Du)) € (W;)*

was developed by Dal Maso and Skrypnik [220], whose results were extended
to pseudomonotone operators by Casado-Diaz [174]. Biroli [104] studied the
p-capacity related to the norm
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m 1/p
Z/ | XulP dz + / |ul? dz ,
i=171 2

where X; are vector fields subject to Hérmander’s condition: They and their
commutators up to some order span at every point all R™. Properties of a
capacity generated by the Sobolev space WI}(A) with the variable exponent p :
R™ — (1, 00) were investigated by Harjulehto, Hasto, Koskenoja, and Varonen
[353]. Another relevant area of research is the p-capacity on metric spaces with
a measure (see, for instance, Kinnunen and Martio [425] and Gol’dshtein,
Troyanov [317]), in particular, on the Carnot group and Heisenberg group
(see Heinonen and Holopainen [374]).

A generalization of the inequality (2.2.8) was obtained by E. Milman [603]
in a more general framework of measure metric spaces for the case ¢(z, &) =
|€]. Similarly to Sect. 2.3.8, if we introduce the p-capacity minimizing function

vp(t) = inf cap, (F, £2),

where the infimum is taken over compacta F' C 2 with m,(F') > t, then for
any p1 > po > 1

1 o _ 1\p1/40 M (£2) d pi/q
G ql) ; (/ - 5 ) ) . (2.2.17)
vp,(t) — (1= B)p/an \ (s — t) 1/ @ovp, (s)n/Po

where ¢; = p;/(p; — 1) denote the corresponding conjugate exponents. Clearly
(2.2.17) coincides with (2.2.8) when py = 1 by Lemma 2.2.5.

Under an appropriate curvature lower bound on the underlying space, it
was also shown in [603, 605] that (2.2.17) may, in fact, be reversed, to within
numeric constants. An application of this fact was given by E. Milman [604]
to the stability of the first positive eigenvalue of the Neumann Laplacian on
convex domains, with respect to perturbation of the domain.

IN

2.3 Conditions for Validity of Integral Inequalities
(the Case p > 1)

2.3.1 The (p, ?)-Capacitary Inequality

Let u € 2(£2) and let g be the function defined by (2.2.5) with p > 1. Further,

let
T sup{t > 0: (p, D)-cap(A,2) > 0}> 0, (2.3.1)

where A = {z € 2 : |u(z)| > t}. From (2.3.1) it follows that

Y(t) d:ef/o w(ﬂﬁ% < oo (2.3.2)
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for 0 <t < T. In fact, let

v(z) =12 [u(aj)]2
Since v € M( A, §2), then from Lemma 2.2.2/1 and (2.3.1) we obtain

1 1/(1-p)
/ (/ [&(z, Vv)}p ds ) dr
0 {z:v(z)="7} |V’U‘

< [(p, ®)-cap(A7, 2)] 77 < oo,

and it remains to note that

1 1 1/(p=1)
dr / (/ p ds )
S Bz, Vo) = dr.
/0 g(T)l/(pil) 0 {x:v(w):T}[ ( )] ‘V’U|

Since by Theorem 1.2.4

/000 g(r)dr = /Q [@(x, Vu)]p dz < oo,

it follows that g(t) < co for almost all ¢ > 0 and the function (t) is strictly
monotonic. Consequently, on the interval [0, (T")) the function ¢(¢), which is
the inverse of ¥(t), exists.

Lemma. Let u be a function in P(2) satisfying condition (2.3.1). Then
the function t(y) is absolutely continuous on any segment [0, (T —§)], where
6 €(0,T), and

(1)
/ [®(z, Vu)]” dz 2/ [t'(v)]" dy. (2.3.3)
Q 0
If T = max |ul, then we may write the equality sign in (2.3.3).

Proof. Let 0 = 19 < 901 < -+ < ¥y, = (T — §) be an arbitrary partition
of the segment [0,4 (T — §)]. By Holder’s inequality,

[E(rs1) = t(ow)]” [t(rg1) — t(ehw)]P < /t(w"'“) d
Werr =)™ [R5 g(r)V =D drfr=t ™~ Jucu o
and consequently,
= [Hrr) — ()P < 1/t(¢k+1)
k=0 (wk+1 wk‘ p 1 - t wk)

:/O e )dTg/Q[ (, V)" do. (2.3.4)

The last inequality follows from Theorem 1.2.4. By (2.3.4) and F. Riesz’s
theorem (see Natanson [627]), the function ¢(¢)) is absolutely continuous and
its derivative belongs to L,(0,%(T — 6)). By Theorem 1.2.4,
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T-6
/[@(x,Vu)]pdxz lim g(7)dr. (2.3.5)
N 5—+40 0

Since t(¢) is a monotonic absolutely continuous function, we can make the
change of variable 7 = t(¢) in the last integral. Then

/0 " gy dr = /0 M e v = / e av,

which, along with (2.3.5), completes the proof. a
Theorem. (Capacitary Inequality) Let u € 2(£2). Then for p > 1,

= P L 2. V)P dx
/0 (p, @)-cap (A, 2)d(t7) < TR /Q[qs( , Vu)]” dz. (2.3.6)

For p = 1 the coefficient in front of the integral on the right-hand side
of (2.3.6) is equal to one. The constant pP(p — 1)17P is optimal.

Proof. To prove (2.3.6) it is sufficient to assume that the number T', defined
n (2.3.1), is positive. Since by Lemma 2.2.5

(1, P)-cap( Az, 2) < 0(0.%)
for almost all ¢ > 0, we see that (2.3.6) follows from (2.1.4) for p = 1.

Consider the case p > 1. Let v (t) be a function defined by (2.3.2) and let
t(¢)) be the inverse of ¥(t). We make the change of variable

e} T
| can 2a) = [ @)oo, ) a(e)
0 0

W)
B /0 (p, ®)-cap(H(y), 2) d(H)").

Setting v = t~2u?, £ = t7272 in (2.3.2), we obtain

Vi) = /o1 </{x:v(w)=f} [P Vol |éi| ) o 4 (23.7)

Since v € M(A, 2), then by Lemma 2.2.2/1 the right-hand side of (2.3.7)
does not exceed

1/(1—
[(paé)'cap(’/’/t(w%‘o)] ) p)

Consequently,

[ ooy < [ UOE L O] g

Applying the Holder inequality and the Hardy inequality




2.3 Conditions for Validity of Integral Inequalities (the Case p > 1) 155

/me [t (;/))] i < ( p1> /me ] s

we arrive at

(0. ®)-cap(, 2) d(t7) < — 2 Y P
/0 (P )-cap( 5, 82) ( )_W/O [(W] ¥,

which together with Lemma 2.3.1 yields (2.3.6).
To show that the constant factor in the right-hand side of (2.3.6) is sharp,
it suffices to put @(z,y) = |y| and u(x) = f(|z|). Then (2.2.13) and (2.3.6)

imply
n—plP < ()P, pP oo -
R
(r-1) 0 r (-1 0

which is a particular case of the sharp Hardy inequality (1.3.1). (I

Remark 1. The inequality

/Oo(p, P)-cap (A3, Q)d(tp) < C/ [Q)(m,Vu)]pda?, (2.3.9)
0 o)

with a cruder constant than in (2.3.6) can be proved more simply in the
following way. By the monotonicity of capacity, the integral in the left-hand
side does not exceed

+oo
S (27 =1) Y 27(p,®)-cap(Nss, ).

j=—o00

Let A\ € C®°(RY), A(t) =1fort > 1, A.(t) =0for t <0,0 < M\.(¥) < 1+¢,
and let '
uj(x) = A (21_J‘u(m)’ -1).

Since u; € N(A%5, £2), we have

< 2%t Z / (28 |u| — 1)])7 [@(x, Vu)]” dz

j=—o0 Hoj—1\Aoj

< (1+5)p22”_1/ [@(m,Vu)]pdac

(9}

Letting ¢ tend to zero, we obtain (2.3.9) with the constant C' = 22P~1  which
completes the proof.

Remark 2. In fact, the inequality just obtained is equivalent to the following
one stronger than (2.3.9) (modulo the best constant)



156 2 Inequalities for Functions Vanishing at the Boundary

/Ooo(p, ¢)-cap(ANae, £) d(tP) < c/ [®(z, Vu)]” da. (2.3.10)

9]

Such conductor inequalities will be considered in Chap. 3.
2.3.2 Capacity Minimizing Function and Its Applications

Definition. Let v,(t) denote
inf(p, P)-cap(g, 2),
where the infimum is taken over all admissible sets g with

u(g) > t.

Note that by Lemma 2.2.5

where % is the weighted area minimizing function introduced in Defini-
tion 2.1.4.

The following application of the capacity minimizing function v, is imme-
diately deduced from the capacitary inequality (2.3.6)

/OOO vp(u(M)) d(t?) < 0/[¢(x,vu)]pdx, (2.3.11)

where C' > pP(p—1)!~P. Conversely, minimizing the integral in the right-hand
side over P(F, 2), we see that (2.3.11) gives the isocapacitary inequality

vp(1(F)) < C(p, ®)-cap(F, 12).
If for instance, y = m,,, then (2.2.8) leads to the estimate

A </:<;>) ) ) < e [ v
(2.3.12)

In particular, being set into (2.3.6) with p = n and &(z,&) = ||, the isoca-
pacitary inequality (2.2.11) implies

/ooo (l‘)g nT:%)lnd(t") < o Ve @313)

for all u € C§°(£2), where C = n(n — 1)1 7"w, L.
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Clearly, the inequality (2.3.11) and its special cases (2.3.12) and (2.3.13)
can be written in terms of the nonincreasing rearrangement uy, of v introduced
by (2.1.12):

mn (£2)

/ [uZ(s)}p dvy(s) < C [ [®(x, Vu)]p dz,
0 Q

where C' is the same as in (2.3.11). In particular, (2.3.13) takes the form

mn(Q) n dS
/ [UTnn(s)] () < C/ |[Vul" dx (2.3.14)
0 / (log === fo)

for all v € C§°(£2).

2.3.3 Estimate for a Norm in a Birnbaum—Orlicz Space

We recall the definition of a Birnbaum—Orlicz space (see Birnbaum and Orlicz
[103], Krasnosel’skii and Rutickii [463], and Rao and Ren [671]).
On the axis —00 < u < 00, let the function M (u) admit the representation

Jul
MWZA@@%

where ¢(t) is a nondecreasing function, positive for ¢ > 0, and continuous
from the right for ¢ > 0, satisfying the conditions ¢(0) = 0, ¢ — 00 as t — oo.
Such functions M are sometimes called Young functions. Further, let

¥(s) = sup{t : p(t) < s},
be the right inverse of ¢(t). The function
Jul
P(u) = P(s)ds
0

is called the complementary function to M (u).
Let % (82, 1) denote the space of u-measurable functions for which

waﬁkﬂwwg@<m

In particular, if M(u) = ¢ '|ul?, ¢ > 1, then P(u) = (¢) " '|u|?, ¢ =
q(g—1)"" and

||uH$IW(Q:H) = sup{

lull 2 (2. = (@)Y ull (20

The norm in %y (£2, 1) of the characteristic function x g of the set F is

1
xel 2o, :uEPl(—>,
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where P~! is the inverse of the restriction of P to [0, c0).
In fact, if v = P~1(1/u(E))xz, then

/QP(U) du=1,

and the definition of the norm in %, ({2, p) implies

IxEl 2 > / xevdp = u(E)P (/D).

On the other hand, by Jensen’s inequality,

1
X vduSuEP_1<—/Pv du),
/Q . (P o [ P0)
and if we assume that
/P(v)dugl,
2

then the definition of the norm in %/ (£2, u) yields

IxEll 2y (@) < WE)PH(1/W(E)).

Although formally M (t) = |t| does not satisfy the definition of the Birnbaum—
Orlicz space, all the subsequent results concerning % (2, 1) include this case
provided we put P~1(t) = 1. Then we have (2, 1) = L1 (92, ).

Theorem. 1. If there exists a constant 3 such that for any compactum
Fca
W(F)P~1(1/u(F)) < 6(p, ®)-cap(F, ) (2.3.15)

with p > 1, then for all u € 2(12),
|||u|p||$M(Q’#) < C’/Q[@(I,Vu)]pdm, (2.3.16)

where C < pP(p — 1)1 7P3.
2. If (2.3.16) is valid for any u € 2(12), then (2.3.15) holds for all com-
pacta F C 2 with 8 < C.

Proof. 1. From Lemma 1.2.3 and the definition of the norm in %/ (£2, 1)
we obtain

H|u|P||$M(QM = Sup{/o //t/, vdpd(7?) /QP(v) dp < 1}

g/ooosup{/ﬂxdnvdu:/ﬁP(v)dMS1}d(7”)

- / s L2 A(77).
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Consequently,

1 0 < [ AP 0120 (),

Using (2.3.15) and Theorem 2.3.1, we obtain

|| |u|pH$M(Q,u) = ﬂ/o (p7 @)—Cap(,/ﬂ, Q) d(Tp)

< #/ﬂ[@(m,VU)]pdx.

2. Let u be any function in M(F, 2). By (2.3.16),

IxFlla (2 < C /Q [®(z, Vu))? da.

Minimizing the right-hand side over the set 91(F, £2), we obtain (2.3.15). The
theorem is proved. a

Remark 1. Obviously the isocapacitary inequality (2.3.15) can be written
in terms of the capacity minimizing function v, as follows:

sP(s7') < Buy(s).

Remark 2. Let ®(x,y) be a function satisfying the conditions stated in
Sect. 2.1.1 and let the function ¥(z,u,y) : £2 x R x R® — R, satisfy:

(i) the Caratheodory conditions: i.e., ¥ is measurable in x for all z, y, and
continuous in x and y for almost all z.

(i) The inequality

U(z,u,y) > [&(z,y)]"

holds.

(iii) For all u € 2(£2)

lim inf A7 / U(x, \u, \Vu)dz < K / [®(z, Vu)]” da.
A——+oo 0 0

Then (2.3.16) in the Theorem can be replaced by the following more general
estimate:

H|u‘PH$M(Q7“)§ C/Qu'/(;m,w) dz. (2.3.17)

As an illustration, note that Theorem 2.1.1 shows the equivalence of the in-

equality
lullz, () < / 1+ (Vu)?dz,
o)

where v € 2(£2) and ¢ > 1, and the isoperimetric inequality p(g)'/9 < o(9g).
Here, to prove the necessity of (2.3.15) for (2.3.17), we must set u = Av,

where v € M(F, 2), in (2.3.17) and then pass to the limit as A — oo. An

analogous remark can be made regarding Theorems 2.1.1, 2.1.2, and others.
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2.3.4 Sobolev Type Inequality as Corollary of Theorem 2.3.3

Theorem 2.3.3 contains the following assertion, which is of interest in itself.

Corollary. 1. If there exists a constant B such that for any compactum
Fco
p(F)* < B(p, @)-cap(F, 2), (2.3.18)

where p > 1, a >0, ap < 1, then for all u € P(02)
ullf, (o < C’/Q[@(x,Vu)]pd:c, (2.3.19)

where ¢ = a1 and C < pP(p — 1)} 7PB.

2. If (2.3.19) holds for any u € 2(£2) and if the constant C does not
depend on u, then (2.3.18) is valid for all compacta F C 2 with o = ¢~ ' and
B<C.

Remark. Obviously, the isocapacitary inequality (2.3.18) is equivalent to
the weak-type integral inequality

(2.3.20)

tu( L)V < cVr||g(, v
§1>110)(u( ) < (., “)HL,,(Q)

with % = {x : |u(x)| > t} and this, along with the Corollary, can be inter-
preted as the equivalence of the weak and the strong Sobolev-type estimates
(2.3.20) and (2.3.19).

2.3.5 Best Constant in the Sobolev Inequality (p > 1)

From the previous corollary and the isoperimetric inequality (2.2.12) we obtain
the Sobolev (p > 1)-Gagliardo (p = 1) inequality

lullz,, ) < ClVullz,, (2.3.21)
where n > p>1, u € Z(R") and
C = p(n — p)tP/py—t/nyp=—n)/em,

The value of the constant C' in (2.3.21) is sharp only for p = 1 (cf. The-
orem 1.4.2/1). To obtain the best constant one can proceed in the following
way.

By Lemma 2.3.1

P (max |ul) »
/ [t'(¥)]" dy = / [Vu|P dz.
0 n

Putting
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p—1

w:_—
wrll/(il’ 1)(11 —p)

and assuming ¢(¢)) = const for ¢ > (max |u|), we obtain

oo
wn/ [ (r)[Prt dr = / |VulP da.
O n

Furthermore, by Lemma 1.2.3,

p(n=p)/(1=p) () = ~(r),

max |u|
/ [P/ (" =P) g :/ mn(m)d(tpn/("_P)).
0

The definition of the function ¥(t), Lemma 2.2.3, and the isoperimetric in-
equality (2.2.9) imply

_1 (n—p)/n(1-p)
Y(t) <wl/-m P2 {—mn(m)} .
n—p|lWn
Consequently,
My (Ai(py) < wnn” 7"
and

/ [P/ (=p) 4 < 0 / P d [y (ryp P,
R™ n Jo

- "()Pr Tt dr < oo
) |/ (r)] ,

it follows that y(r)r(®=P)/P — 0 as r — oco. After integration by parts, we

Since

obtain R
/ |U|Pn/(n—1?) dz < w, / [’Y(’I")]pn/(n_p)rn_l ar
" 0
Thus,
il —apn (g ()P Pl =t dpy () /on
Sgg W =Wy sup f Iy (r)[prn—1 dT)l/P , (2.3.22)
“ P {7} 0 ~/(

where {7} is the set of all nonincreasing nonnegative functions on [0, c0) such
that v(r)r("~P)/P — 0 as r — oo. Thus, we reduced the question of the best
constant in (2.3.21) to a one-dimensional variational problem that was solved
explicitly by Bliss [109] as early as 1930 by classical methods of the calculus
of variations. Paradoxically, the best constant in the Sobolev inequality had
been obtained earlier than the inequality itself appeared. The sharp upper
bound in (2.3.22) is attained at any function of the form

Y(r) = (a+ b/ D)7 g b = const > 0,
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n_l/p<p—1><“>“’{p—13(g n(p—nﬂ””
n—p P P p

Finally, the sharp constant in (2.3.21) is given by

(p—1)/p 1
—1/2,-1/p( P21 I'(1+n/2)I(n)
C= (n—p> {F(H/P)F(1+n—n/p)} . (2.3.23)

and the equality sign can be written in (2.3.21) if

and equals

u(w) = [a+ blaf/ P07, (2.3.24)

where a and b are positive constants (although u does not belong to Z it can
be approximated by functions in 2 in the norm [|Vul|z,gn))-

2.3.6 Multiplicative Inequality (the Case p > 1)

The following theorem describes conditions for the equivalence of the general-
ized Sobolev-type inequality (2.3.19) and a multiplicative integral inequality.
We denote by g the best constant in the isocapacitary inequality (2.3.18).

Theorem. 1. For any compactum F C (2 let the inequality (2.3.18) hold
with p > 1, a > 0. Further, let q be a positive number satisfying one of the
conditions (i) ¢ < ¢* = a1, forap <1, or (ii) ¢ < ¢* = a~ !, for ap > 1.

Then the inequality

(1=2)/p
e <C( [ BT as) i, 2329
holds for any v € 2(12), where r € (0,q), » = r(¢* — ¢)/q(¢* — 1), C <
cﬁ(l_"‘)/p.

2. Letp>1,0< q¢* < oo, r € (0,q4°] and for some q € (0,¢*] and any
u € Z(£2) let the inequality (2.3.25) hold with » = r(q* — q)/q(¢* — ) and a
constant C' independent of u.

Then (2.3.18) holds for all compacta F C 2 with o = (¢*)~! and § <
cCP/(1=3)

Proof. 1. Let ap < 1. By Holder’s inequality,

[ =
2 (9
. (g=r)/(g"—r) (¢"—q)/(a" )
< (/ |ul? du) (/ Iulrdu> :
2 2

a"(g—r)/(g"—7) |u|r(q*fq)/(q**r) du

or equivalently,
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il < Tllh g o Il -

Estimating the first factor by (2.3.19), we obtain (2.3.25) for ap < 1. Let
ap > 1. By Lemma 1.2.3,

/ lul?dp = q/ p( ALt dt.
Q 0
To the last integral we apply inequality (1.3.42), where x = 9, f(z) = u(A7),

b = p(g*)~' > 1, a > 1 is an arbitrary number, A = a(q — 7)™, p =
p(¢" —a)/q"q

/Ooo p( ANt dt < c(/ooo [(A7)] et dt)

0 Je* q*(g—r)/p(q"~r)
x (/ (AP et dt) :
0

Since a > 1 and p(44) does not increase, we can apply (1.3.41) to the first
factor in the following way:

(¢"—q)/a(q"—r)

a

/OOO [u(A7)]“tor Tt < c(/ooo (AL dt) .

Thus,

(1=3)/p

= /9" - »
ol < e [ T o)l o
From condition (2.3.18) and Theorem 2.3.1 we obtain
oo I
/ [u(%)]p Tpldt < ep [@(x7Vu)]pdm.
0 Q

The proof of the first part of the theorem is complete.
2. Let G be a bounded open set G C 2. We fix a number § > 0 and we

put
p(F)re
fs = sup ———————
(p, @)-cap(F, G)
on the set of all compacta F' in G satisfying the condition (p, @)-cap(F,G) > 4.

(If (p, @)-cap(F,G) = 0 for any compactum F' C G, then the substitution of
an arbitrary u € M(F, G) into (2.3.25) immediately leads to u = 0.) Obviously,

Bs < 6 L u(G)P* < oo.

Let v be an arbitrary function in 9(F, G) and let v = max(pr—1,¢*r~1).

We substitute the function v = v into (2.3.25). Then
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(A=) /p
u(F)1 < eC ( / w?D [@(%Vv)]de) [v7] (2.3.26)
2

el
Lo(2,m)°

Let 9 (t) be the function defined in (2.3.2), where u is replaced by v. In our
case T' = maxv = 1. Clearly,

[ oy [ a /' _dE)
/Gv d,u—/o ,u(a/%)d(t )*/0 H(%)[w(t)] [(t)])a /P’

where A7 = {z € G : v(z) > t}. Since A; D F, we have by Lemma 2.2.2/3

q /v )

< q*/p.
p < B

Hence

/va < ﬁg*/p /lw(t)}—ff/p’ d(t’)’r).

0

Since [14(t)]"7"/?" is a nonincreasing function, from (1.3.41) we obtain

1 . r/
/ Wduéﬂg*/”( | ) “’”)”’“d(t”)y p
G 0

<5§*/p1/)(1)(7rq*)/z»’(/OI#)w/p.

Setting ¢t = t(¢) in the last integral and applying the inequality (2.3.8) and
Lemma 2.3.1, we obtain

YO de(y))? T P
/0 = < c/o [t'(v)]" dy = c/C;[QP(x,Vv)} dz.

Thus,

[[07]

. o v/p
Lo < e /PTw(l)('vr—q )/rp (/G [@(x,Vv)]pdx)

. _or)/rp » v/p
< Bl /pr[(p, ®)-cap(F, G)] (@ =)/ (/G [@(x,VU)] d:c) .
(2.3.27)

The last inequality follows from the estimate

()]~

(see Lemma 2.2.2/3). Since 0 < v < 1 and v > 1, from (2.3.26) and (2.3.27)
it follows that

' < [(p, ®)-cap(F,G)]



2.3 Conditions for Validity of Integral Inequalities (the Case p > 1) 165

P(F)Y9 < cCBE 7" [(p, ®)-cap(F, G)) (@ =m)/re

X (/G [®(2,Vv)]” dz

/G [®(2, Vo)]" da

on the set P(F, G), we obtain

) [1+s<(v=1)]/p

Minimizing

p(F)Y1 < cCBg /7 ((p, ®)-cap(F, G)] /7T D
= cCﬁg*%/pr [(p, ®)-cap(F, G)} /wp,
Hence X i
p(FYPI < ccom!a” gD/ ) @)-cap(F, G).

Consequently,
Bs < cCPa(a —r)/a" (a—r) — cop/(1=3)

Since (5 is majorized by a constant that depends neither on § nor G, using the
property (iv) of the (p, ®)-capacity we obtain 3 < ¢cCP/(1=*)_ The theorem is
proved. a

Remark. The theorem just proved shows, in particular, the equivalence of
the multiplicative inequality (2.3.25) and the Sobolev-type inequality (2.3.19).

2.3.7 Estimate for the Norm in Lg4(f2, ) with ¢ < p (First
Necessary and Sufficient Condition)

A characterization of (2.3.19) with ¢ > p was stated in Corollary 2.3.4. Now we
obtain a condition for the validity of (2.3.19), which is sufficient if p > g > 0
and necessary if p > ¢ > 1.

Definition. Let S = {g;}32 _, be any sequence of admissible subsets of
2 with g; C giy1. We put p; = p(gi), vi = (p, ®)-cap(gi, gi+1), and

NP AN (p=a)/a
%Zilé}]i) > ( 7 > : (2.3.28)

(The terms of the form 0/0 are considered to be zeros.)

Theorem. (i) If » < oo, then

Iull}, (2, < C/Q[@(x,vu)}”dx, (2.3.29)

where uw € Z(2) andp >q >0, C < cse.



166 2 Inequalities for Functions Vanishing at the Boundary

(ii) If there exists a constant C' such that (2.3.29) holds for all u € P(12)
with p > q > 1, then » < cC.

Proof. (i) Let t; = 277 +¢;, j = 0,£1,42,..., where ¢; is a decreasing
sequence of positive numbers satisfying €;27 — 0 as j — Fo0o. We assume
further that the sets %}, are admissible. Obviously,

oo

W2 = S /‘ WZyd(t) <e 3 29u,).

j=—o00 j=—o00

Let g; = %;,. We rewrite the last sum as

and apply Holder’s inequality. Then

0o q/p
lullg, o < M/p( S Q—pj%) .

j=—00

Let A\c € C®°(RY), A\.(¢)=1for t > 1, A (t) =0for t < 0,0 < A.(t) <1+e¢,
(e > 0) and let

wte) =[]
=\ :
! tj =t
Since u; € N(G;, gj+1), it follows that

oo

Z 2Py, <ec Z ti+1) / [®(z, Vuy)]" dz

j=—o0 j=—00 9i+1\9;

S / {x (&)]p[m V)] da
j=—o00 9j+1\9;5 tj— tj""l

Letting ¢ tend to zero, we obtain

Z 2 Pl <c/[ (2, Vu)]" da. (2.3.30)

j=—o00

(if) We introduce the sequence

S {gj j=—o00

N 1 1/(p—q)
=3 (%)

and put 741 = 0 and
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fork=—-N,—N+1,...,0,...,N—1, N. By uy we denote an arbitrary function
in P(Gr, gr+1) and define the function

U = (Th — Tha1)Uk + The1 O Grg1\Gk»
u=T_§y Ong_p, u=0 on 2\gnt1-

Since u € 2(12), it satisfies (2.3.29). Obviously,

[ et

- Z [ iz 3wt

=—N

Therefore, (2.3.29) and the inequality (14 — 7x41)? < (73 — 7j,,) implies

N r/q N
lz ‘uk(’rk’]’k_;,_l)q‘| SC Z / \ [@(m,Vuk)]pdsc

k=—N k=—N

N
=C Z (16 — Tk+1)p/ [@(x,Vuk)]pdx.

k=—N gk+1\gk

Since uy, is an auxiliary function in PB(gk, gr+1), it follows by minimizing the
last sum that

N p/4q N
[z m—wq] 0 3 (n-marn
k k=—N

Putting here
1/(p—q) _1/(g—
Th— Tha1 = ’uk/(p q)vk/(q p)7
we arrive at the result

(r—a)/4q

<C.

N

Z (‘up/q7 )q/(pfq)

k=—N

2.3.8 Estimate for the Norm in Lg(f2, 1) with ¢ < p (Second
Necessary and Sufficient Condition)

Lemma. Let g1, g2, and g3 be admissible subsets of {2 such that g1 C go,
g C g3. We set
IY’LJ = (p7 ¢)-Cap(giugj)a
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where i < j. Then

~1/(p—1
2/(17 ) 4

—1/(p—1 —1/(p—1
v /(p )S%p,/(p )_

Y23

Proof. Let & be any positive number. We choose functions ux, € P(gr, gr+1),
k=1,2, so that

~1/(p—1) 1 P ds -1/(p—1)
Vi, k41 5/0 [/é% [®(x, Vuy,)] W—Uk] dr + e,

where &F = {z : uy(z) = 7}. We put u(z) = Lus(z) for € g3\go and
u(z) = (u1(z) +1)/2 for x € g5. Then

1 » ds 1/(1-p)
®?(xz,Vu dr
/0 {/gg[ ( ) |VU1|}
1 ds 1/(1-p)
= &(z,Vu)|” ] dr,
[ ot vl
1 ds 1/(1-p)
D(x, Vuy) ]’ —— d
[l wwrgn] e

1/2 » ds 1/(1-p)
= P(x,Vu } dr,
[ e gy

where &; = {z : u(x) = 7}. Therefore,

ya-p) |, 1/0-p) _ [ p ds \ VUV
Y15 P + Vo4 P S/ (/g [@(m,Vu)] |Vu|) dr + 2e.
0 3

Since u € PB(g1,93), by Lemma 2.2.2/3 the right-hand side of the last inequal-

ity does not exceed 7113/(17;) ) 4 2¢. The lemma is proved. O

Let v, be the capacity minimizing function introduced in Definition 2.3.2.
It can be easily checked that condition (2.3.15) is equivalent to

Buy(t) > tP (/1)

and condition (2.3.18) to
Bup(t) = 1°7.

The theorem of the present subsection yields the following necessary and
sufficient condition for the validity of (2.3.29) with p > ¢ > 0:

w(£2) - q/(p—q)
K= / [ ] dr < oo. (2.3.31)
0 vp(T)
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Theorem. Letp >q >0, p> 1.
1. If K < oo, then (2.3.29) holds for all u € 2(02) with C < cK®~0/a,
2. If (2.3.29) holds with C' < oo, then (2.3.31) is valid with K®~9/9 < cC.

Proof. 1. By Theorem 2.3.7 it suffices to prove the inequality

p/q q/(p—q) n(92) q/(p—q)
sup Z ( ) < P { T ] dr,  (2.3.32)
0

{5} ;5% p—q vp(T)

where the notation of Sect. 2.3.7 is retained.
Let the integral in the right-hand side converge, let N be a positive integer,
and let I'; = (p, P)-cap(g;, gn+1) for j < N, I'v11 = co. By the Lemma,

’Y;/(l_p) S Fjl/(l_p) o Fjl-i/_(ll—j") ] S N.

)

Since q(p —1)/(p —q) = 1, then
la — b|f1(p*1)/(p*q) < |gap=1)/(p=a) _ pa(p=1)/(p—a)

and hence
—q/(p—q) —q/(p—q) a/(p—q)
7 <I =T
This implies
N p/q q/(p—q)
on & Z (ﬂ;j > Z Mp/p a) r; -a/(v—q) _Fjjrql/(pw))

j=—N

N
< Z (ué?/(pfq) Mé?é(p q)) ; q/(pfq)+Mzi/]sfpfq)p:]%/(pfq).
=—N+1

It is clear that I'; > (p, @)-cap(g;, £2) > vp(p ). Since the function v, does not
decrease then

BN q(rP/(P=a))

p/(p—4q) q/(p—q) _a(re) -
H_N [Vp(MfN)} = /o [vp ()] 2/ (=)

Similarly,

Bid(rp/(Pma))

p/(p—q) p/(p q) q/(p—q)
b/ =0 ) (1) < / A )
(v J ) [o(ks)] oy ()] =)

Consequently,
" a/(@=P) J(_p/(p—a)
on < [VP(T)] d(T )
0

The result follows.
2. With a u-measurable function f we connect its nonincreasing rearrange-
ment

fut) =inf{s: pu{z e 2: f(z) > s}<t}. (2.3.33)
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By Lemma 2.1.4/1

n($2) 1/q
[ fllzg (2w = </0 (f;(t))th> , 0<q<oo. (2.3.34)

We note that the inequality (2.3.29) implies that p(f2) < oo and that
vp(t) > 0 for all t € (0, u(£2)]. Let I be any integer satisfying 2! < pu(£2). We
introduce an admissible subset g; of {2 such that

w@) =2, (p,P)-cap(g, 2) < 21, (2").

By wu; we denote a function in B(g;, §2) satisfying
/ [®(z, Vuy)]” dz < 4v,(21). (2.3.35)
Q

Let s be the integer for which 25 < p(£2) < 251, We define the function in
()

frs(x) = sup Buu(x), =€ 2,
r<i<s

where r < s and the values ; are defined by

2[ 1/(?*‘])
b= <up<2l>> '

By Lemma 2.1.4/2 and by Lemma 2.1.4/3 with &P instead of ¢ we have

L[@(I,Vf7-7s)] dxﬁ%ﬂlp/n[@(x,Vul)] dx.

By (2.3.35) the right-hand side is majorized by

CZ ﬂlpyp(Ql).
I=r
Now we obtain a lower estimate for the norm of f,, in L,({2,u). Since
fr.s(z) > 3 on the set g, r <1 <s, and u(g) > 2, the inequality
p({z € 2:|frs(x)] >7}) < 2!
implies 7 > ;. Hence
frt)y=p forte (0,2Y),r<i<s. (2.3.36)

By (2.3.34) and (2.3.36)

n(£2) s s
1Frsllf ) = /O ((fro)p@®)*dt > > ((fr)i(2h) 72 > > B2t
l=r l=r
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Therefore,

Hu”Lq(Q7M) - (3o, Br2hyt/a
([o®(z, Vu)pda)t/e = (3, Blvp(2)1/P

s op/-a) \MITHP
—¢ ;VP(QI)Q/(P—Q) ’

B :=sup

With » — —oo we obtain
1/q—1/p
5 olp/(p—a)
Bz ( Z yp(gl)q/(p*q)
l=—c0

/2“ Z w0 g\
> e < ,
0 = (vp(t))e/(P=a) ¢

Hence by monotonicity of v, we obtain

w2 gp/—a) g\ Ve
o[ )
o (Vp(t))q/(p—q) t

The proof is complete. a

We give a sufficient condition for inequality (2.3.29) with p = m,, formu-
lated in terms of the weighted isoperimetric function % introduced in Defini-
tion 2.2.3.

Corollary. If p>q>0,p>1, and

a(p—1)

M () 7 pmn(£2) do =
/o (/ (%(g))p/M) frndi < o,

then (2.3.29) with p = m,, and any u € P(12) holds.

Proof. The result follows directly from the last Theorem and Corol-
lary 2.7.2. a

2.3.9 Inequality with the Norms in L4(f2,u) and L,.(f2,v)
(the Case p > 1)

The next theorem gives conditions for the validity of the inequality

lull}, (o < c</{2 [8(z, Vu)]” do + ||u||gr(nyy)> (2.3.37)

for all u € 2(£2) with ¢ > p > r, p > 1 (compare with Theorem 2.1.3).
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Theorem. Inequality (2.3.37) holds if and only if

u(9)"'" < C[(p, ®)-cap(3,9) + [v(#)]""] (2.3.38)
for all admissible sets g and 9 with g C Y.
Proof. Sufficiency. By Lemma 1.2.3 and inequality (1.3.41),

ol 0,0 = | [ 00 d(tq)r/q

< /OOO [u(ﬂ)]p/qd(tz)) <c Z 2—Pju(gj)p/q’

j=—o0

where g; = Z;, and {¢;} is the sequence of levels defined in the proof of
part (i) of Theorem 2.3.7. We set v; = (p,P)-cap(g;, g;+1) and using the
condition (2.3.38), we arrive at the inequality:

o0

Hu”iq(Qm < CC[ Z 27pj’7j + Z 2ij(gj)p/T]. (2.3.39)

j=—o0 j=—o00

We can estimate the first sum on the right-hand side of this inequality by
means of (2.3.30). The second sum does not exceed

p/T

[T aw) <o [Trmae)) = el o

Necessity. Let g and ¢4 be admissible and let g C 4. We substitute any
function u € P(g,¥) into (2.3.37). Then

(g1 < c[ /Q [@(z, V)] da + u(g)z’/r].

Minimizing the first term on the right of the set (g, G), we obtain (2.3.38).
O

Remark. Obviously, a sufficient condition for the validity of (2.3.37) is the
inequality
p(g)P'? < Cy [(p, ®)-cap(g, £2) + v(9)"'"], (2.3.40)
which is simpler than (2.3.38). In contrast to (2.3.37) it contains only one set g.
However, as the following example shows, the last condition is not necessary.
Let 2 =R3 qg=p=1r =2, &(,y) = |y|, and let the measures p and v
be defined as follows:

=
=

I
WE

S(A N 8ng-),

b
Il

0

=
=

I
M8

S(A n 3ng+1),

b
Il
o
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where A is any Borel subset of R3 and s is a two-dimensional Hausdorff
measure. The condition (2.3.40) is not fulfilled for these measures and the
2-capacity. Indeed, for the sets g = BQkH\BQk,l, k= 2,3,..., we have
pg) = 741, w(gy) = 0, 2-cap(gx, R?) = 4m(2F 4 1).

We shall show that (2.3.37) is true. Let u € 2(R3) and let (p,w) be
spherical coordinates with center O. Obviously,

2k 41 w 2
[u(zk,w)]2gz/2 (‘;—Q(g,w)> do + 2[u(2* +1,w)]".

k

Hence

2
2 (et ) dw <2 0N oot [ (2 11,0)]% dw.
0
0B, Byk 1 \Byk 0 OB,

Summing over k, we obtain

/quu§c</ |Vu|2dx+/ u2d1/>.
R3 R3 R3

The proof is complete.

2.3.10 Estimate with a Charge o on the Left-Hand Side

The following assertion yields a condition close in a certain sense to being
necessary and sufficient for the validity of the inequality

/ |u|P do < c/ [®(z, Vu)|"dz, ue 2(02), (2.3.41)
0 Q

where ¢ is an arbitrary charge in {2, not a nonnegative measure as in Theo-
rem 2.3.6. (Theorem 2.1.3 contains a stronger result for p = 1.)

Theorem. Let o and o~ be the positive and negative parts of the
charge o.

1. If for some € € (0,1) and for all admissible sets g and ¢ with § C 4 we
have the inequality

0 (9) < Ce(p,®)-cap(g,G) + (1 —e)o™ (G), (2.3.42)

where C. = const, then (2.3.41) is valid with C < cC..
2. If for all u € 2(12) inequality (2.3.41) holds, then

o (g9) < C(p,P)-cap(3,¥) + 0~ (9) (2.3.43)
for all admissible sets g and 4, g C 9.
Proof. Let § = (1 —¢)~/?P and g; = Zs5i, 7 =0,%£1,.... By Lemma 1.2.3,
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§itl

e = [ @A) = Y [ ot )a()
j=—o00 "%
< Z ot (L) (86 HIP — §ir),
j=—00

This and (2.3.42) imply

oo

1ull? (0t < Ce > (p.®)-cap(Lys, Lys—1) (6U TP — 577)

+(1—¢) i 07 (L) (BUTIP —§P). (2.3.44)

j=—o0

Using the same arguments as in the derivation of (2.3.30), we obtain that
the first sum in (2.3.44) does not exceed

5P — 1)6P »
ﬁ/ﬂ[@(x,vw] dx.

Since 07 (%) is a nondecreasing function, then

51

(5(j—1)p — 5(j—2)p)0—($5j71) < /&.72 o (L) d(tp)
and hence
> 0T ( L) (8UTIP — 57 < 5210/ o~ (L) d(t).
j=—o0 0
Thus

oP —1)6P
1 < € C 0 [ e ) o 00101, 500

It remains to note that §?P(1 —¢) = 1.
2. The proof of the second part of the theorem is the same as that of
necessity in Theorem 2.3.9. The theorem is proved. a

2.3.11 Multiplicative Inequality with the Norms in L4(£2, 1) and
L,(£2,v) (Case p > 1)

The following assertion gives a necessary and sufficient condition for the va-
lidity of the multiplicative inequality

1)
-5
ellf, (2, < O{/Q [®(z, Vu)]” dx} ”“Hi(rlm,)u) (2.3.45)
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for p > 1 (cf. Theorem 2.1.1).

Theorem. 1. Let g and 4 be any admissible sets such that g C 4. If a
constant o exists such that

u(g)"* < al(p, ®)-cap(g. %)) v(@) P/, (2.3.46)

then (2.3.45) holds for all functions u € 2(£2) with C < ca, 1/g < (1—-9)/r+
o/p, r,q > 0.

2. If (2.3.45) is true for allu € 2(12), then (2.3.46) holds for all admissible
sets g and 9 such that g C 4. The constant « in (2.3.46) satisfies a < C.

Proof. 1. By Lemma 1.2.3 and inequality (1.3.41),

* Y e 1/
”UHLq(Q,H) = [/ ,u(fT)d(T‘I)] < ,yl/"/ |:/ M(XT)'y/qu—l dT:| 7
0 0

where v = prip(1 — §) + 7] 71, v < q. Consequently,

o] p/Y
||u||:’£q(9,u) < cl Z Q—VJM(gj)'v/q}

j=—o0
oo D/
o~ _ 5 _ r
Sca{ > 27 [(p,@)-cap(gj, gj41)] Py gy )0 } :
j=—o00

where g; = %, and {t;} is the sequence of levels defined in the proof of the
first part of Theorem 2.3.7. Hence,

00 )
||u||1[7,q(g’u) < CO‘[ Z 2_pj(p,@)—cap(gj,gj+1)]

j=—o00

Xl Z 27" u(gj41)

j=—o00

(1=8)p/r
1 (2.3.47)

By (2.3.30),

> 27Pi (p, @)-cap(gs, gj41) < C/Q[qs(x,vu)}”dx.

j=—00

Obviously, the second sum in (2.3.47) does not exceed cllull}, o »)- Thus

(2.3.45) follows.
2. Let g and ¢ be admissible sets with g C 4. We substitute any function
u € P(g,%) into (2.3.45). Then

u(g)’1 < C UQ [®(z, Vu)]” dz] 6V(g)<1—6>p/r7

which yields (2.3.46). The theorem is proved. ]
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2.3.12 On Nash and Moser Multiplicative Inequalities

An important role in Nash’s classical work on local regularity of solutions to
second-order parabolic equations in divergence form with measurable bounded
coefficients [625] is played by the multiplicative inequality

142/n 4/n
(/ u? dx) <C |Vu|? dz </ |ul dx) , ueC§e. (2.3.48)
n ]Rn n

Another inequality of a similar nature

lall 23207 < ellull 21 Vull,, we O, (2:3.49)
was used by Moser in his proof of the Harnack inequality for solutions of
second-order elliptic equations with measurable bounded coefficients in diver-
gence form [617].

These two inequalities are contained as very particular cases in the
Gagliardo—Nirenberg inequality for all u € C§°(R™)

IVjullL, < clVullg, lulz (2.3.50)

where 1 <p,r <o00,0<j <, j/l<a,<1,and

1 g (1 l ) 11—«
S=Ztqal-——)+ :
qg n p n T
If 1 <p<ooandl—j—n/pisanonnegative integer then (2.3.50) holds only
for oo € [j/n, 1) (see Gagliardo [299] and Nirenberg [640]).

If n > 2, the Nash and Moser inequalities follow directly by the Holder
inequality from the Sobolev inequality

[l nay < clVUllL,,  ue CGe. (2.3.51)

We know by the second part of Theorem 2.3.6 that conversely, (2.3.48) and
(2.3.49) imply (2.3.51). The just-mentioned theorem does not contain (2.3.48)
and (2.3.49) for n = 2, which formally corresponds to the exceptional case
a = 0. However, we show here that both (2.3.48) and (2.3.49) with n = 2,
and even the more general inequality

q—r

/|u|qu§c</ |Vu|"dx) ' / |ul" dz, (2.3.52)
n n R’ﬂ.

where ¢ > r > 0 can be deduced from Theorem 2.3.11. In fact, by this theorem,
(2.3.52) holds if and only if

g=r

mn(g) < const (cap,(7,G)) ™ mn(G), (2.3.53)
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where g and G are arbitrary bounded open sets with smooth boundaries,
g C G, and cap,, is the n capacity of g with respect to G. By the isocapacitary
inequality (2.2.11),

mn<G))

cap,(7,G) > n""w, <10g i (9)

Hence (2.3.53) is a consequence of the boundedness of the function

(g=r)(n—-1)

1
(0,1)9x—>x<10g;> ,

which, in its turn, implies the multiplicative inequality (2.3.52). a

The original proof of (2.3.52) (see Nirenberg [640], p. 129) is as follows.
First, one notes that it suffices to obtain (2.3.52) for large ¢. Then (2.3.52) re-
sults by putting |u|?(!=™)/" instead of u into (1.4.49) and using an appropriate
Holder’s inequality.

Extensions of Nash’s inequality (2.3.48) to weighted inequalities with in-
definite weights on the left-hand side were obtained by Maz’ya and Verbitsky
[594] with simultaneously necessary and sufficient conditions on the weights.

2.3.13 Comments to Sect. 2.3

The basic results of Sects. 2.3.1-2.3.4 were obtained by the author in [531,
534] for p = 2, P(x,&) = [¢], M(u) = |ul, and in [543] for the general case.
Some of these results were repeated by Stredulinsky [729]. We shall return to
capacitary inequalities similar to (2.3.6) in Chaps. 3 and 11. The inequality
(2.3.14) can be found also in Brezis and Wainger [146] and Hansson [348].

Regarding the criterion in Sect. 2.3.3, see Comments to Sect. 2.4, where
other optimal embeddings of Birnbaum—Orlicz—Sobolev spaces into C' and
Birnbaum-—Orlicz spaces are discussed.

Inequality (2.3.21) is (up to a constant) the Sobolev (p > 1)-Gagliardo—
Nirenberg (p = 1) inequality. The best constant for the case p = 1 (see (1.4.14))
was found independently by Federer and Fleming [273] and by the author [527]
using the same method.

The best constant for p > 1, presented in Sect. 2.3.5 was obtained by
Aubin [55] and Talenti [740] (the case n = 3, p = 2 was considered earlier
by Rosen [682]), whose proofs are a combination of symmetrization and the
one-dimensional Bliss inequality [109] (see Sect. 2.3.5). The uniqueness of the
Bliss optimizer was proved by Gidas, Ni, and Nirenberg [307].

A different approach leading to the best constant in the Sobolev inequality,
which is based on the geometric Brunn—Minkowski—Lyusternik inequality, was
proposed in Bobkov and Ledoux [118].
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The extremals exhibited in (2.3.24) of the Sobolev inequality (2.3.21) in
the whole of R™, with sharp constant C, are the only ones—see Cordero-
Erausquin, Nazaret, and Villani [212] who used the mass transportation tech-
niques referred to in Comments to Sect. 1.4. Strengthened, quantitative ver-
sions of this inequality are also available. They involve a remainder term
depending on the distance of the function u from the family of extremals. The
first result in this connection was established by Bianchi and Egnell [96] for
p = 2. The case when p = 1 was considered in Cianchi [199] and sharpened
in Fusco, Maggi, and Pratelli [296] as far as the exponent in the remainder
term is concerned. The general case when 1 < p < n is the object of Cianchi,
Fusco, Maggi, and Pratelli [204]. Related results for p > n are contained in
Cianchi [202].

In [811], Zhang proved an improvement of the inequality (1.4.14), called
the L, affine Sobolev inequality,

w
[ Il s < (G2 ) W, s
where V,, f is the partial derivative of f in direction u, ds,, is the surface mea-
sure on S"~! and the constant factor on the right-hand side is sharp. Modi-
fications of (2.3.54) for the L,-gradient norm with p > 1 and for the Lorentz
and Birnbaum—Orlicz settings are due to Zhang [811]; Lutwak, D. Yang, and
Zhang [510]; Haberl and Schuster [333]; Werner and Ye [794]; and Cianchi,
Lutwak, D. Yang, and Zhang [206].

A Sobolev-type trace inequality, which attracted much attention, is the
following trace inequality:

1ALy 027 < HnplIVF L) (2.3.55)

n

where n > p > 1. In the case p = 2, Beckner [78] and Escobar [259], using
different approaches, found the best value of %, 2. Xiao [799] generalized their
result to the inequality

2 —Z
11y (0B < C(n,a)/R V(@) el 2" da, (2.3.56)
n

n—1—-2a

showing that

Cln,a) = 9l—da I((n—1-2a)/2)\( I'(n—1) \=1
YT reTeA — o)) )\ T(n—1+20)/2) )\T((n—1)/2))

An idea in [799] is that it suffices to prove (2.3.56) for solutions of the
Euler equation

div(z;, >*Vu) =0 on R7.

Then by the Fourier transform with respect to ' = (x1,...,2,—1) the integral
on the right-hand side of (2.3.56) takes the form
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a/2, (12
const ||(—Az) u||L2(Rn71),

and the reference to the Lieb formula (1.4.48) gives the above value of C'(n, cv).
More recently, Nazaret proved, by using the mass transportation method
mentioned in Comments to Sect. 1.4, that the only minimizer in (2.3.55) has
the form -
const ((zn 4+ A)? + |2|?) 2770,

where A = const > 0. Sharp Sobolev-type inequalities proved to be crucial in
the study of partial differential equations and nowadays there is extensive lit-
erature dealing with them. To the works mentioned earlier we add the papers:
Gidas, Ni, and Nirenberg [307]; Lieb [496]; Lions [501]; Han [335]; Beckner [78,
79]; Adimurthi and Yadava [29]; Hebey and Vaugon [362, 363]; Hebey [359];
Druet and Hebey [243]; Lieb and Loss [497]; Del Pino and Dolbeault [231];
Bonder, Rossi, and Ferreira [125]; Biezuner [99]; Ghoussoub and Kang [306];
Dem’yanov and A. Nazarov [233]; Bonder and Saintier [126]; et al.

The study of minimizers in the theory of Sobolev spaces based on the so-
called concentration compactness is one of the topics in the book by Tintarev
and Fieseler [753] where relevant historical information can be found as well.

The material of Sects. 2.3.6-2.3.11 is due to the author [543]. The suffi-
ciency in Theorem 2.3.8 can be found in Maz’ya [543] and the necessity is due
to Maz’ya and Netrusov [572].

The equivalence of the Nash and Moser inequalities (2.3.48) and (2.3.49)
for n > 2 and Sobolev’s inequality (2.3.51) is an obvious consequence of
Theorem 2.3.6, which was proved by the author [543] (see also [552], Satz 4.3).
This equivalence was rediscovered in the 1990s by Bakry, Coulhon, Ledoux,
and Saloff-Coste [64] (see also Sect. 3.2 in the book by Saloff-Coste [687]) and
by Delin [232]. The best constant in (2.3.48) was found by Carlen and Loss

167|:
[ ] C: 2n_1+2/”(1+n/2)1+”/2251w;2/n,

where z,, is the smallest positive root of the equation

(1+n/2)Jn_2)/2(2) + zJ(’n_2)/2(z) =0.

The existence of the optimizer is proved in Tintarev and Fieseler [753], 10.3.

2.4 Continuity and Compactness of Embedding
Operators of L (§2) and W (£2) into Birnbaum—Orlicz
Spaces

Let L;f,(.Q) and WIZ)(Q) be completions of Z({2) with respect to the norms
IViullz, ) and [[ViullL, (@) + [ullL,)-

Let 4 be a measure in 2. By £y (2, 1) we denote the Birnbaum—Orlicz
space generated by a convex function M, and by P we mean the complemen-
